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GLOBAL REGULARITY FOR THE YANG-MILLS EQUATIONS 
ON HIGH DIMENSIONAL MINKOWSKI SPACE 

JOACHIM KRIEGER AND JACOB STERBENZ 


Abstract. We study here the global Cauchy problem for the Yang-Mills equa¬ 
tions on (6-h 1) and higher dimensional Minkowski space, when the initial data 
sets are small in the critical gauge covariant Sobolev space '^)/2 Jteg- 

ularity is obtained through a certain “microlocal geometric renormalization” 
of the equations which is constructed via a family of approximate Coulomb 
gauge—null Cronstrom gauge transformations. The proof is then reduced to 
controlling Hodge systems and degenerate elliptic equations on high index and 
non-isotropic spaces, as well as the proof of some bilinear estimates in 
auxiliary square-function spaces. 


1. Introduction 

In this work we investigate the global in time regularity properties of the Yang- 
Mills equations on high dimensional Minkowski space with compact semi-simple 
gauge group G. Specifically, we show that if a certain gauge covariant Sobolev 

. n-4 

norm is small, the so called critical regularity , and the dimension satisfies 

6 ^ n, then a global solution exists and remains regular for all times given that 
the initial data is regular. This is in the same spirit as the recent result |H] for the 
Maxwell-Klein-Gordon system, as well as earlier results for high dimensional wave- 
maps (see nn, 0 , 0 , and |7]). Our approach shares many similarities with those 
works, whose underlying philosophy in basically the same. That is, to introduce 
Coulomb type gauges in order to treat a specific potential term as a quadratic error. 
In our setup, we use a non-abelian variant of the remarkable parametrix construc¬ 
tion contained in 0, in conjunction with a version of the Uhlenbeck lemma m on 
the existence of global Coulomb gauges. This latter result has been used for high 
dimensional wave-maps to globally “renormalize” the equation so that the existence 
theory can be treated directly through Strichartz estimates applied to multi-linear 
expressions. In the present situation, as was the case with the Maxwell-Klein- 
Cordon system, the corresponding renormalization procedure is necessarily more 
involved because it needs to be done separately for each distinct direction in phase 
space. That is, we provide a renormalization of the Yang-Mills equations through 
the construction of a Fourier integral operator with G-valued phase. The construc¬ 
tion and estimation of such an object relies heavily on elliptic-Coulomb theory, 
primary due to the difficulty one faces in that the G-valued phase function cannot 
be localized within a neighborhood of any given point on the group due to the criti¬ 
cal nature of the problem (if you like, there is a logarithmic “twisting” of the group 
element as one moves around in physical space; fortunately the group is compact 
so this doesn’t ruin things). 
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To get things started, we now give a simple gauge covariant description of the 
equations we are considering. The (hyperbolic) Yang-Mills equations arise as the 
evolution equations for a connection on the bundle V = x g, where is 
some n (spatial) dimensional Minkowski space, with metric g := (—1, 1, ..., 1) in 
inertial coordinates (x^,x’'), and g is the Lie algebra of some compact semi-simple 
Lie group G. Here we are considering V with the Ad{G) gauge structure. If (p is 
any section to V over M , then a connection assigns to every vector-field X on the 
base At", a derivative which we denote as Dx, such that the following Leibniz rule 
is satisfied for every scalar field /: 

DxifP) = X{f)cl> + fDxct> . 

In this setup, we assume that V is equipped with an Ad{G) invariant metric (•, •) 
which respects the action of D. That is, one has the formula: 

( 1 ) dip, ip) = {Dp,p) + ip,Dp) . 

In the present situation we will take (•, •) to be the Killing form on g. The curvature 
associated to D is the g valued two-form F which arises from the commutation of 
covariant derivatives and is defined via the formula: 


DxDyp — DyDxp — D[x,y]P = . 

We say that the connection D satisfies the Yang-Mills equations if its curvature is 
a (formal) local minima of the following Maxwell type functional: 

( 2 ) C[F] = -\ f {F^0,F^^) DVm^ ■ 

4 Jm”- 

The Euler-Lagrange equations of m read: 

(3) D^F^0 = 0 . 

Also, from the fact that F arises as the curvature of some connection, we have that 
the following identity known as “Bianchi” is satisfied: 

(4) -D[aT/37] = 0. 

From now on we will refer to the system 0-0 as the first order Yang-Mills equa¬ 
tions (FYM). 

As we have already mentioned, our aim is to study the regularity properties of 
the Cauchy problem for the (FYM) system. To describe this in a geometrically 
invariant way, we make use of the following splitting of the connection-curvature 
pair {F,D): Foliating AI into the standard Cauchy hypersurfaces t = const., we 
decompose: 

{F,D) = iF,D)(BiE,Do) , 

where (F)iZ) denotes the portion of {F,D) which is tangent to the surfaces t = 
const, (i.e. the induced connection), and {E,Dq) denotes respectively the interior 
product of E with the foliation generator T = dt, and the normal portion oi D. In 
inertial coordinates we have: 
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On the initial Cauchy hypersurface t = 0 we call a set (£(0),^2(0), -E(O)) admissible 
Cauchy data^ if it satisfies the following compatibility condition: 

(5) D^E,{Q) = 0 . 

We define the Cauchy problem for the Yang-Mills equation to be the task of con¬ 
struction a connection {F,D) which solves (0, and has Cauchy data equal to 

m0),D{0),E{0)). 

In order to understand what the appropriate condition on the initial data should 
be (and what we would like it to be!), it is necessary to consider the following 
two basic mathematical features of the system 0 - 0 . The first is conservation. 
From the Lagrangian nature of the field equations 0 - 0 , we have the tensorial 
conservation law: 

QajslF] = {Fa.yjFif') - -gafsiF.ySyF'^^) , 

V“Qa^[i^] = 0 , 

where V is the covariant derivative on AI". In particular, contracting Q with the 
vector-field T = dt, we arrive at the following constant of motion for the system 

0 - 0 : 

(6) f Qoodx = I f {\E\^ + \F\^)dx . 

JR^ ^ Jr^ 

The second main aspect of the system 0-0 is that of scaling. If we perform the 
transformation: 

(7) (a:°,a;*) (A 2 :°,Ax*), 

on AI", then an easy calculation shows that: 

(8) D \D , F \^F . 

If we now define the gauge covariant (integer) Sobolev spaces: 

(9) \\F\\%^ := ^ m'Flli.(r) > 

\I\=S 

where for each multiindex I = {ii,... ,is) we have that = Dg. ... Dg. is the 
repeated covariant differentiation with respect to the translation invariant spatial 

. n —4 

vector-fields {9i,..., 9„}, then for even^ spatial dimensions, the norm 77^^ is in¬ 
variant with respect to the scaling transformation 0 . In particular, the conserved 

^Of course, this set is overdetermined as the curvature F depends completely on the connection 
D . Also, it is perhaps not completely obvious at first that the set (F(0), F{0), F(0)) determined 
uniquely a solution (F, D) to 0-0. For example, the initial normal derivative -Do(O) does not 
need to be specified. We will show this is the case in the sequel (in particular see ProDosition l5. 31 . 

^For odd spatial dimensions, the above discussion needs to be modified somewhat because we 
will not make an attempt here to define fractional powers of the spaces H^. Instead, what one 
should do is to simply put things in a Coulomb gauge and then use the usual fractional Sobolev 
spaces. This later approach is what we will take in the sequel, although for sake of concreteness 
we will only discuss the case of even dimensions. We have opted for the covariant approach in the 
introduction because it makes stating our main result a bit easier, and has an appealing simplicity. 
Also, since we shall need many specifics on how Coulomb gauges are constructed in order to create 
and control our parametrix, we will explain how the Coulomb gauge relates to the Cauchy problem 
in detail in the following two sections. 



4 


JOACHIM KRIEGER AND JACOB STERBENZ 


quantity m is invariant when n = 4 and this is called the critical dimension. 

Now, based on numerical evidence as well as analytical arguments, it is suspected 
that in general the Cauchy problem for 0-0 with smooth initial data will not be 
well behaved without size control of the critical regularities Sc = in high dimen¬ 
sions. What we will take this statement to mean here is simply that if 4 ^ n and 
the norm of the initial data is not sufficiently small, then one can expect the 
existence of regular (i.e. C“) sets iK{0)jH{0),E{0)) such that the corresponding 
solution to 0-0 will develop a singularity in finite time. By singularity devel¬ 
opment, we mean that some higher norm of the type © will fail to be bounded 
at a later time, given that it was initially; or even more specifically, that the L°° 
norm of the curvature F will blow up in finite time for some regular initial data 
sets. Since these norms are gauge covariant, this type of singularity development 
would correspond to an intrinsic geometric breakdown of the equations, and could 
not be an artifact of poorly chosen local coordinates (gauge) on V. This has been 
rigorously demonstrated in the equivariant category for the supercritical dimensions 

5 ^ n (see |3]). In the critical dimension things are much less clear, although there 
is numerical evidence that on still has blowup for large initial data (see | 21 ). This 
is thought to be connected with the existence of large static solutions (instantons). 
One possible conjecture is that there is global regularity when the norm 0 is below 
the ground state energy. 

. n-4 

Going in the other direction, it is expected that if the critical norm is 

sufficiently small, then regular initial data will remain regular for all times. This 
can be seen as an easier preliminary step toward understanding in detail the issue 
of large data for dimension n = 4, and is furthermore an interesting problem in its 
own right. A central difficulty in the demonstration of this conjecture is to con¬ 
struct a stable set coordinates on the bundle V such that the Christoffel symbols of 
D are well behaved in the sense that they obey the natural range of estimates one 
expects for this type of problem. This is precisely what we shall do in dimensions 

6 ^ n through the well known procedure of using (spatial) Coulomb gauges. Un¬ 
fortunately, this preliminary gauge construction is far from sufficient to close the 
regularity argument, and it will in fact be necessary for us to go much further and 
control infinitely many Coulomb gauges, each of which correspond to a distinct po¬ 
larized plane wave solution to the usual (flat) wave equation □ = V“Va. However, 
this does not effect the statement of our main result which is in fact quite simple: 


Theorem 1.1 (Critical regularity for high dimensional Yang-Mills). Let the number 
of spatial dimensions be even and sueh that 6 ^ n. Then there exists fixed constants 
0 < SqjC such that if (U(0), ^(0), if(0)) is an admissible data set which satisfies 
the smallness condition: 

(10) ||(F(0),if(0))|| < £0 , 

and there exists constants Mk < oo, < fc G N such that: 

(11) ||(u(o),ii;(o))||^. = Mfc, 

then there exists a unique global solution to the field equations 0-0 with this 
initial data, and furthermore one has that the following inductive norm bounds 
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hold: 

< Ceo , 

In particular, in this case F remains smooth (in the gauge covariant sense) and 
bounded for all times. 



Remark 1.2. As alluded to above, we will more specifically prove the existence 
of a global (in space and time) spatial Coulomb gauge such that the coefficient 
functions of the curvature F, as well as the Christoffel symbols (gauge potentials) 
of the connection D are in the classical Sobolev spaces , and such that they 
satisfy appropriate angularly and spatially microlocalized Strichartz estimates. We 
have elected to eliminate a discussion of this from the statement from the main 
theorem in favor of the simpler geometric language so that the reader can at a first 
glance gain an idea of the content of our result without being confronted with too 
many technical details. 
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2. Some Basic Notation 

We list here some of the basic conventions used in this work, as well as some 
constants which will be needed in the sequel. We use the usual notation a < b, to 
denote that a ^ C • b for some (possibly large) constant C which may change from 
line to line. Likewise we write a <C 5 to mean a ^ C~^ ■ b for some large constant 
C. In general, C will denote a large constant, but at times we will also call C a 
connection. The difference should be clear from context. Overall, we will have use 
for a family of small constants, which satisfy the hierarchy: 

(12) 0<eo<eo<^<'S<7<(5<l. 

3. Some gauge-theoretic preliminaries 

In this paper, we are working with a compact semi-simple group Lie G. However, 
all of our calculations will be carried out in a somewhat larger context. Firstly, we 
will assume that G is embedded as a subgroup of matrices of some (possibly) larger 
orthogonal group 0{m). In particular, we can identify the Lie algebra g with an 
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appropriate sub-algebra of o(m). This allows us to perform all of our calculations 
on a specific collection of matrices. Since our main computation involves complex 
valued integral operators, we will further need to work in the complexified algebra 
C 0 o(m). The Killing form (•, •) on g extends easily to this context to yield the 
bilinear form: 

(13) {A,B) = trace(AB*) . 

Notice that this is a positive definite form when restricted to the real vector space 
o(m), and is a sesquilinear form on the corresponding complexified algebra C(8 >o(to). 
More importantly, (•, •) is Ad{0(rn)) invariant, and in fact the more general identity 
holds: 

(14) = {g2gi^Ahih2\B) , 

for A,B G C0 o(m) and gi,hi G 0{m). In fact, it is not difficult to see that the 
form m extends to a sesquilinear form on all complex matrices in AI{m x m), and 
that it can be identified with the usual matrix inner product: 

(15) {A,B) = a^jhj , 

2 

which come from considering these matrices as vectors in . Furthermore, it is 
easy to see that the general adjoint formula continues to hold in this context. 
This will be of fundamental importance in the sequel. In general, we will use the 
notation || A |p = {A, A) to denote the action of this norm on any matrix. Also, 
notice that directly from o one has the isometric identity: 

(16) II 5 AII = II All , g G 0{m) . 

These are all very simple algebraic identities, but our method is incredibly sensitive 
to them and would collapse entirely if they did not hold. 

In the context of matrices, we may compute the action of the connection D on 
sections F to K as follows: 

DxF = A“(V„(F) + [A„,F]) , 

Here, the gauge potentials {Aa} are g-valued, and are defined via the equation: 

5 Iv] ) 

where ly denotes some chosen orthonormal frame in V, and we are abusively 
writing F = Fly. In shorthand notation, we write: 

F) = d A j 

where d is the usual exterior derivative on matrix valued functions. Likewise, in 
this notation we have the well known identity for the curvature of D: 

= dA+ [A, A] . 

In this last formula, we use the superscript notation to emphasize the fact that the 
curvature is not gauge invariant, but transforms according to the AdiG) action: 

F -w gFg~'^ , 
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whenever one performs the change of frame ly g\vg~^- As is well known, the 
potentials {Aa} themselves do not transform according to Ad{G), but instead take 
on an affine group of transformations: 

(17) B = gAg-'^ + gdg-'^ , 

where {Bq} represents the connection D in the frame g\vg~^- In particular, the 
difference of two connections obeys the Ad(G) structure, a fact we will have use 
for in a moment. For instance, any connection {Ca} with F'^ = 0 obeys Ad{G). 
Furthermore, as is the basic fact of gauge theory, such connections always lead to 
a globally^ integrable ODE: 

dg = gG , 

where the solution g belongs to G. Thus, we may identify flat connections C with 
infinitesimal gauge transformations, and it is easy to see that every gauge trans¬ 
formation m leads to a flat connection which we may define as C = g ^dg. This 
completes our discussion of elementary gauge theory. 

It will also be necessary for us to make use of the basic facts from (non-gauge- 
covariant) Hodge theory. Even though the connections we work with in this paper 
are on the full space-time AI", our use of Hodge theory will always be restricted 
to time slices {t} x R". In particular we use the general notation d,d* for the 
exterior derivative and its adjoint acting on g (and more generally Mini x m)) 
valued differential forms on R.". To emphasize this restriction, we will use Latin 
indices when computing these operators. For example: 

{dA')ij = , {dF^ij^ = , 

where {...} and [...] denote anti-symmetric and symmetric cyclic summing respec¬ 
tively. Also, the adjoint here is taken with respect to the Killing form HI dll . In 
particular, we have the Hodge Laplacean: 

(18) A = -{dd* + d*d) , 

which in our context is simply the usual scalar Laplacean acting component-wise 
on matrices. Finally, we have the Hodge decomposition which we write as H = 
_|_ ^c/ .^^j^ere: 

= -d*dA-^A , 

= -dd*A-^A. 

This decomposition is bounded on spaces for 1 < p < oo as the operators 
involved are SIO’s. Also, since these operators are all real, this decomposition re¬ 
spects the Lie algebra structure of g inside of C 0 o(m). 

The last topic we cover here is the basic underpinning of much of analysis in 
the context of compact gauge groups. This is the remarkable Uhlenbeck lemma, 
which allows one to “straighten out” a connection as long as its curvature satisfies 
appropriate bounds. The important thing for us is that these bounds are precisely 

. n-4 

at the level of the critical regularity . This result is: 


^Of course this ODE is non-linear, but in the present context it also satisfies the conservation 
law gg^ = I. 
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Lemma 3.1 (Classical Uhlenbeck lemma). Let — d + A he a connection with 
compact (matrix) group on R”. Then there is a pair of constants eo,C which only 
depend on the dimension n such that if the curvature of satisfies the bound: 

\\F^\\^^ < eo, 

then is gauge equivalent to a connection = d + B where the potentials {Bi} 
satisfy the condition: 

d*B = 0, 

and such that the following estimate holds: 

(19) \\B\\l^ ^ Ceo . 

In the sequel, it will be useful for us to have a somewhat more refined version of 
Lemma rm which does not make reference to the size of the curvature, but rather 
to the size of the connection {Aa} itself in a critical norm which does not involve 
derivatives. This will allow us to prove certain connections exist more directly. 
Furthermore, since the basic formulas used in the proof of this result will be impor¬ 
tant in constructing our parametrix, it will set the pace for much of what follows. 
Finally, we mention here that our proof is a bit different from that of m in that 
it does not rely on any implicit function theorem type arguments, and is instead 
completely explicit being based on a simple Picard iteration. 


Lemma 3.2 (Uhlenbeck lemma for small L” perturbations of Coulomb potentials 
with small Lf curvature.). Let = d+A be a connection on R" x V with compact 
(matrix) gauge group G. Then there exists constants eo,C such that if: 

( 20 ) 

and such that d + A is gauge equivalent to d + B with d*B = 0 , where one has the 
bounds: 

( 21 ) 

then for every connection d + A such that: 

(22) \\A-A\\Lr^ ^ y/Ceo , 

there exists a gauge equivalent connection d + B such that d*B = 0, and one has 
the same size control: 

(23) IjSlU^^Ceo. 


Remark 3.3. Before continuing with proof, let us remark here that Lemma o is 
in fact more general that the classical Uhlenbeck Lemma. Specifically, na easily 
implies lO with smallness condition eo/2 (where eo is determined by T;emma, |3.2ll 
through a straightforward induction procedure which we outline now. 

First of all, from Lemma we see that the set of all connections d + A with 
curvature such that: 

( 24 ) 
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and such that d + ^ is equivalent to d + B with d*B = 0, and such that one has 
the bounds m, is an open set in the intersection of L” with the set determined 
by 12411 (in the sense of distributions). Therefore, if the conclusion of Lemma Id.Ill 
were to be violated, it must then be the case that there is a smallest number r* 
such that the sphere of radius r* contains a connection d + A with the property 
that it cannot be put in the Coulomb gauge (with L" bounds), even though the 
bound is valid for this connection. Now, consider the set of connections d + XA 
where 0<(1 — A)<Cl. A quick calculation shows that these have curvature: 

pXA ^ AF^ + A(A-1)[A,A] . 

Choose A such that: 

(1-A) < (l + r*)-2.| . 

By the triangle and Holders inequality, and the definition of r*, we have that: 

^ ^0. 

Therefore, by the minimality of r* we have that d + AA can be Coulomb gauged. 
Again, by the definition of A, we have that: 

d A = d T XA T A , 

where we easily have the bound (we may assume 1 ^ C): 

II A II ^ '/Cco ■ 

Therefore, by an application of Lemma Id.21 we have that d + A can be put in the 
Coulomb gauge with the (d holds. This contradicts the minimality of r* as was 
to be shown. 


Proof of Lemma m It suffices to show that d + A is gauge equivalent to d + H, 
where d*B = 0 and with the bound d, provided that: 

(25) IIAIlin ^ 2VMeo , 

when €o chosen sufficiently small, and where M is some sufficiently large fixed 
constant which will be determined in a moment, and which will be chosen to be our 
C in the estimates m and (I2dll (the reason for the notation switch will become 
clear in a moment). To see this, notice that the smallness condition II22II is gauge 
invariant because the difference of two connections transforms according to the 
Ad(G') action which fixes the Killing form used to compute || • ||l". Therefore, we 
may assume from the start that the original connection A is in the Coulomb gauge 
with size control m- In particular, the connection d + A satisfies the div-curl 
system: 

dA = F^- [A, A] , d*A = 0 , 

which we can integrate to form the equation: 

(26) A = -d*A(F^-[A,A]). 

Everything we do now will be based on the Riesz operator bounds: 

(27) : L’" L" , 

(28) VA-^ : Lt ^ L" . 
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We choose our constant C such that is the constant in (the various vector 
analogs) of the embeddings ll77ll - ll^ . Using these bounds and the integral equation 
in conjunction with the assumed smallness conditions iCTi and lai, and a 
round of Holder’s inequality, we have the following improved bounds for d + A\ 

(29) WAWl^^VMco, 

as long as eg is chosen sufficiently small. In particular, using (P|) and some addition 
and subtraction we have the bound 1251) . 

We now construct by hand the gauge transformation: 

(30) dg = gA-Bg, 

with d* B = 0. This will be done by constructing the infinitesimal gauge transfor¬ 
mation C = g~^dg. A quick calculation shows that this must satisfy the following 
div-curl system: 

(31a) dC = - [C, C] , 

(31b) d*C = d*A+[A,C] . 

Unfortunately, the system cannot be solved constructively, say through an 
iteration scheme. This is because implicit in its structure is the compatibility 
condition d [C, C] = 0, which gets destroyed through (at least the usual) Picard 
iteration. This could be side-stepped by using an implicit function theorem type 
argument, but since we prefer to do things explicitly we proceed as follows: We first 
write the system m in terms of integral equations: 

(32a) c^f = ^[c,C], 

(32b) ^ [1,(7]) . 

Here C = denotes the Hodge decomposition of the matrix valued one- 

form C. A solution to system can now be constructed from scratch via Picard 
iteration starting with = 0. The condition 1251) and the embeddings 123- 
guarantee convergence to a solution. Furthermore, because it is true for each 
iterate, one has the following bounds on the solution: 

(33) lie'll^. ^ 2.^|lA|Un < -CO. 

Also, since each iterate belongs pointwise to g, the solution does also due to the 
fact that g is a linear (and hence closed) subspace of the matrices M{m x m). We 
now need to show that this C is indeed a solution to the original system 1131 1) . That 
is, we need to establish the identity: 

(34) dd*A-i[(7,(7] = -[C,C] . 

Notice that this does not follow algebraically from the form of the integral system 
(|S3, because it is not a-priori clear that in fact d[C, C] = 0. However, this is the 
case, which is a consequence of the following a-priori estimate for solutions to (|23: 


(35) \\dd*A~^[C,C] + [C,C]\\^^ < \\C\\L^-\\dd*A~^[C,C] + [C,C]\\^i . 
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Notice that (Pll and taken together immediately imply the identity (|21I). 

In order to show 123, we first use the Hodge Laplacean m to write: 
dd*A-^[C,C] + [C,C] = -d*A-^{d[C,C]) . 

Next, we compute that: 

{d[C,C]),jk = V[,[Q,Cfc]] , 

Therefore, using this last identity in conjunction with fractional integration, and 
using the identity from line (1^ above, we have that: 

\\dd*A-^[C,C] + [C,C]\\^^ = \\d*A-^[C,dC]\\^^ , 

< \\[C,dC]\\^^ , 

^ II [C,idd*A-^[C,C] + [C,C])] iq^ + II [C,[C,C]] q 
2\\Chr^-\\dd*A-^[C,C] + [C,C]\\^^ . 

Notice that the last inequality here follows simply from the Jacobi identity [C, [C, C]] = 

0 . 


To wrap things up, we only need to establish the existence of g on line 
above with d* B = 0, and such that we have the size control (I2:ill (with constant 
M). Now, by design we have that = 0, so we may integrate the equation: 

dg = gC , 

with initial conditions g{0) = I on all of R". Defining now: 

B = gAg~^ +gdg~^ , 

we have that: 

- d*B = ofB^ , 

= 9Df{g~^B^g)g~^ , 

= gDHA^-C^)g-^ , 

= g(^-d*A + d*C-{A,C])g-^ , 

= 0 , 

as was to be shown. Finally, by using the bounds (1251) and (|23 and the definition 
of the potentials {B} and {C} we have the bound: 

II^IIl" ^ ||I||Ln + ||C||i„ < Meo . 

This completes the proof of Lemma O □ 
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4. Some analytic preliminaries 


We record here some useful formulas, mostly from elementary harmonic analysis, 
which will be used many times in the sequel. Firstly, we define the Fourier transform 
on C (8> 0 (m), which is merely the usual scalar Fourier transform acting component¬ 
wise on matrices: 

(36) %) = f A{x) dx . 

The Plancherel theorem with respect to the Killing form ca reads: 


{A, B) dx 



This follows simply from definition of the inner product (CSJ. While the construc¬ 
tions we make in the sequel are almost explicitly based on the spatial transform 
it will in certain places be convenient for us to work with the space-time 
Fourier transform: 


JR"+i 


In the sequel, we will have much use for dyadic frequency decompositions with 
respect to the spatial variable. For the most part, we will use a fairly loose and 
heuristic notation for this operation. This will help us to avoid having to come up 
with different symbols for multipliers which are basically the same. First of all, we 
let x(^) denote some smooth bump function adapted to the unit frequency annulus 
{2““ ^ 1^1 ^ 2“}, where 1 ^ a is some constant used to define x which may change 
from line to line. For a dyadic number /i G {2* | i G Z}, we define the rescaled 
cutoffs: 

and the associated Fourier multipliers The two main facts we will 

need about these multipliers is the Bernstein inequality: 

(37) IIP^AIU. < ||A|U, , 

which holds for all 1 ^ ^ p ^ oo, and the Littlewood-Paley equivalence: 

(38) ~ MIU., 

which holds under the restriction I < p < oo. All of the norms above can be taken 
with respect to m- 

There are two simple analysis lemmas involving derivatives and multipliers which 
will come in useful in the sequel. The first of these is the low frequency (operator) 
commutator estimate: 

(39) \\[A,P,]-F\\l. < ||V,A|U,, 

where - = - -f y (see [S]). The second is the homogeneous paraproduct estimate: 

(40) II V^(A • F) lU. < II V^A ||l,i • || F ||in + || A ||i,. • || |U.. , 
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for 1 < p,qi,ri < oo, j; = and ^ ^ ^ whenever 0 < A:. This estimate 

is true even for non-integer 0 ^ A: by a simple Littlewood-Paley argument. We 
note here that we only use it the integer case, and there it is only employed as a 
convenience. For a proof of this, see e.g. Chapter 2 of m 

We would now like to set up a system to formalize many of the dyadic estimates 
which will appear in this paper. This is most easily done using the language of 
Besov spaces. Since we have a specific purpose for these in mind, we introduce the 
following notation: 

(41) = E , 

This notation may seem a bit mysterious at first, but the thing to keep in mind 
here is that the first index p in some sense controls the decay, while the second 
double index {q, s) controls the scaling, which is the same as (homogeneous 

L'J Sobolev space). In general, the second index will be fixed, so we will strive to 
have p as low as possible (see Remark 14.21 belowl. This notation has the following 
simple significance: is the Besov space of Lebesgue index p which contains 

the standard Besov space defined by: 

Mill- = S MMIIL ■ 

This identification is a direct consequence of the Bernstein embedding 13711 . In 
general, one has the inclusions: 

(42) C , q^p,^p,^oo. 

Furthermore, a quick application of the Littlewood-Paley identity gives the 
Lebesgue space inclusion: 

(43) CLP, 2<p<oo. 

The reason we prefer to use this more involved notation, instead of the usual Besov 
norm convention is that ours allows one to tell at first glance which norms are 
critical, which is particularly useful in a scale invariant problem like the one of this 

paper. Specifically, the norms ^ ^ will play a prominent role in what follows. 

It will also be necessary for us to employ the summing version of the norm 
dm, which we label by This will essentially be used for one purpose only, 

and that is that the L°° end-point of dm is true for this space: 

(44) C L°° , 1 < g ^ oo . 


Besov spaces are particularly well behaved with respect to the action of Riesz 
operators, which is exactly why we use them. In general, we define the operator 
\Dx\~^ to be the Fourier multiplier with symbol The basic embedding we 

will use in the sequel is the following: 
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Lemma 4.1. One has the following bilinear estimate for Besov spaces for 0 ^ a: 


(45) 


\D, 


^P.(2,si) . ^9,(2,S2) 


B 


Nr,(2,S3) 


where the indices 1 ^ p,q,r 00 and cr, Si satisfy the following conditions: 


(46) 

S 3 

= 

n 

si + S2 + a - - 

5 


(scaling) 

(47) 

n 

O' + 77 - S 3 

< 

n(- -f -) , 



(High X High) 

2 


p q 

-) , 


(48) 

Si 

< 

n ■ r A 

-h mm{n(- 

0 }, 

(Low xHigh) 



2 q 

r 

(49) 

S 2 

< 

n ■ r A 

-h mm|n(- 

-), 

0 }, 

(High X Low) 

1 


2 p 

r 

(50) 


1 1 
— 1 — I 



(Lebesgue) 


Remark 4.2. As will become apparent in the proof, it is possible to show frequency 
localized versions of the embedding ( 1 ^ such that not all of the conditions m- 
need to be satisfied. Indeed, we will show the following two frequency localized 
“improvements” are possible: 

(51) ^ , 

(52) : Px{B^'^^'^^'>) ■ Px{Bl'^^’^^^) ^ , 

where 5 = «(| + ^) + S 3 —o’—^ in estimate (j^. Estimate lICTi holds whenever (UHll . 
(gHl, and ( 1 ^ are satisfied. The second estimate (|S3 is valid whenever we have 
(HHll . lITTIl . and CT . In particular, notice that for larger cr this estimate requires 
lower values of p, q. This fact will have an immense bearing on the estimates we 
prove in the sequel, and seems to be one of the most difficult factors in lowering 
the dimension of the overall argument from n = 6 (apart from even more difficult 
things such as null-form estimates). 


Proof of estimate iHSJ. The proof is a simple matter of the standard technique of 
trichotomy. That is, we start with two test matrices A and C, and we run a 
frequency decomposition on the product: 

A-C = ^ Px{P^,A-P^,C) . 

X,fii 


Setting now: 

(n n , 11 , n n ,1 1 , n ,1 1 . J 

A o-si . 0-S2 , n(- + -)+S 3 -cr-w , TT+n-)-si , -+n{ - -S2 \ 

L2 2 p q 2 2 q r 2 v r J 


7 = mm ■ 
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we have from the conditions that 0 < 7 . To prove ( 1 ^ it suffices to show 

that: 


^ \\P^iP^^A-P,,C)hr < 

Ml : 

A~/i 2 


Ml : 
Mi<M2 
A~/J .2 


\ ^ 2 } II ’ II || 39 ,( 2 ,S 2 ) , 


E 




Px{P^,A-P^,C) lU^ < 


M2 : 
M2^Mi 

A~mi 


E 

M2 : 
M2<Mi 
A~Mi 


I II BP’( 2 >si) ‘ II ^fl 2 ^ 1109 .( 2 ,^ 2 ) ; 


Z V- 




Px {Pfii^ ' Pfi2C) \\l‘^ ^ II ^Mi^ IlsP’t^’^i) ‘ II -^M2^ II_B5’^2-^2) : 


A : 

M2~Mi 

A<Mi 


That (I45II follows from these three estimates is a simple consequence of Young’s 
inequality and Cauchy-Schwartz respectively. These estimates, in turn, are all a 
consequence of the single fixed frequency bound: 


(53) II p^ (p^^A ■ P^,C) 


Mi^ ■ 2 ^2'-"; llL'’ 
\ \ 1 / ,,. \ T / ,,_ \ T" 


< 


max{yLti} 


mini 


in{l-| .1-1 ) 


Ai 2 


M 2 


Ml 


II BP.( 2 ,si) 


■^1.2^' ||b'!,(2,S2) • 


The proof of (1^ is a simple matter of Holders and Bernstein’s inequalities, and 
counting weights. There are three cases corresponding to the three summing es¬ 
timates above. In the hrst case, we assume that A < Mi ^ M 2 - Since itCT) is 
scale invariant, we may assume in this case that both ~ 1. Using now Holders 
inequality which is permissible by isni), followed by the Bernstein inequality, we 
have that: 


II Pa (PmiAI • P^,C) IIbp < |1 P^,Ah. ■ |! ||b, . 

Multiplying this last estimate by the weight A '’’*“"*^2 “ 7 )“'^ we arrive at the bound: 


(L.H.S.)S < A”(H|)+-3-^-5 ||P^^A||iP-||P^,C|| b, . 

Then (I53II follows in this case from the definition of 7 and the fact that ^ 1. 
The other two cases, which correspond to /ii <C ^2 or vice versa are similar, so it 
suffices to consider the first. In this case we rescale to ^2 ~ A ~ 1. In the case 
where r < q we set p = y ~ and we again use Holder and Bernstein to estimate: 


||Pa(P;i,AI.P^,C) IIb. < Ml ^ \\P^,AU.-\\P^,C\\l^ . 

If it is the case that q ^ r, then we simply estimate: 

||Pa(P^,i4.P^,C) IIbp < M? II ^mi^ lU-II ^m.^^ IU« • 
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In either case, the claim (PI follows from the definition of 7 . This completes the 
proof of ( 1 ^ . □ 

Before continuing on, let us note here a slight refinement of the Besov norms 
ED and the embedding ( 1151 ) . This involves taking into account functions which 
live at frequency < 1. If we let {Dx) denote the multiplier with symbol (1 + 
then we form the low frequency spaces: 

(54) = \\{Dx^^A\\^,,^,„, , 

with a similar definition for the version i?i’Jon ^ • By a straightforward adaptation 
of the previous argument, it is easy to see that the embedding is equally valid 
for these low frequency spaces. We leave the details to the reader. 

It will also be necessary for us to perform various dyadic decompositions with 
respect to the angular frequency variable. For each fixed direction uj in the frequency 
plane R^, we decompose the unit sphere into dyadic conical regions: 

(55) 7^(u;,0) = I Z(a;,r?)~0} , 

where 6 * G • 2® | i G Z, j ^ 0}. Here we will not bother to fix the constant in 
the ^ notation used to define the regions IS3, but we will let it change from line 
to line as we have done for the spatial multipliers above. We also define a smooth 
partition of unity adapted to these regions, which we label by bg. These can always 
be chosen (e.g. by defining them on a larger sphere and then rescaling) so that they 
satisfy the differential bounds: 

l(^■V^)^Pl5^| < 1, < e-\ 

where the implicit constants depend on k but are uniform in 9. In particular, if we 
define the multipliers HlgA = bg A, then the operators HleP^ are bounded on all 
LP spaces uniformly in /i and 9. In fact, the following refinement of the inequality 
m holds, which we also call Bernstein: 

(56) \\AlgP^A\\L. < ||yl|j^, . 

In all of the above inequalities, we have kept oj as a fixed directional value. However, 
it will also be necessary for us to have an account of how our multipliers depend 
on this parameter. In particular, we will need to have bounds for the operators 
VojHIg. This is easily achieved by differentiating the associated multiplier. In fact, 
one has the bounds for fixed 

(57) \Vtb‘^\ < 9-^ . 

The way we shall express this bound in calculations is through the following heuris¬ 
tic operator identity: 

(58) V^HIe « , 

which we shall take to mean that the left hand side satisfies all space bounds as 
the right hand side. Notice that this relation has a preferred direction (left=J»right). 
In practice, this means that we have the bound for the operator on the left 
hand side of ijSHl) with the added factor of 9 ^. 
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Finally, let us end this section by making the following conventions. Firstly, it 
will be convenient for us at times to write P^A = for a localized object. This 
should not be confused with the component of A in the case that it is a one- 
form. This should usually be clear from context. Secondly, it will be necessary for 
us to ensure that certain of our multipliers have real symbol so that they respect 
the subalgebra Q{m) C M{m x m). This will be done by taking their real part 
which simply symmetrizes their (real) symbols. In particular, we will denote this 
by: _ 

5R(“ne) = “He . 

Secondly, we use the following bulleted notation for the sum of various cutoffs over 
a given range: 

= “n.<e = ^“ne, 

/x<c 9<c 

etc. We will also use the notation A,<c etc. for these operators applied to tensors. 
Finally, we will set aside a special notation here for cutting off on angles sectors 
whose width depends on the frequency: 

(59) ^ . 

Notice that this multiplier does not satisfy good bounds of the form However, 
it can be dealt with using the Littlewood-Paley equivalence if there is a little 
extra room left to sum over fixed angular dyadics. This ends our description of the 
basic analysis we will use in this paper. 


5. Gauge construction for the initial data; Reduction to a second 
ORDER SYSTEM AND THE MAIN A-PRIORI ESTIMATE 

We now begin our proof of the main theorem ll.il As we have already mentioned, 
one of the central components of the proof is to construct a stable set of “elliptic 
coordinates” on the bundle V. The way we will do this is to construct the desired 
frame on the t — 0 slice K." x g. We will then show that this frame propagates as 
the system evolves by solving an auxiliary set of equations for the gauge potentials 
which respects the chosen frame automatically. The regularity of this system of 
equations will be provided in the usual translation invariant Sobolev spaces. We 
then show that our auxiliary solution is in fact a true solution to the system of 
equations 0-0 by employing a bootstrapping procedure which is similar to that 
used in the proof of Lemma E21 The desired gauge covariant regularity, which is 
contained in the statement of Theorem ll.il will be provided by a comparison prin¬ 
ciple. These constructions are all local in time and are more or less standard. We 
have included them here for the convenience of the reader, the sake of completeness, 
and the fact that some of the formulas we develop along the way will be central to 
what we do in later sections. 

With the local theory established, the global conclusion of Theorem ll.ll will then 
be a consequence of a certain a-priori estimate on the (usual Sobolev) energy of 
solutions to 0-0 in the gauge we construct. Our task will then be to show that 
this a-priori estimate is true for all solutions to yet another system of auxiliary 
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equations, this time for the curvature. This can be considered to be the main esti¬ 
mate of the paper. The proof turns out to be quite involved, and will occupy the 
rest of the paper. In the next section, we will prove the main a-priori estimate itself 
with the help of a certain family of microlocalized space-time (Strichartz) estimates 
for solutions to second order covariant wave equations on bundles with connections 
satisfying estimates consistent with our bootstrapping assumptions. The break¬ 
down here is based on the Smith-Tataru (see cni) £-parametrix idea, which allows 
one to reduce the needed Strichartz estimates to proving them for a suitable family 
of approximate frequency localized fundamental solutions. Our rendition of this is 
essentially equivalent to that contained in the paper |H| . 

Finally, in the remaining sections of the paper we develop the linear theory. 
This is by far the most involved portion of the present work, and requires the con¬ 
struction of some fairly sophisticated oscillatory integrals and microlocal function 
spaces. This material can be read without reference to the non-linear problem, as 
long as one is familiar with the algebraic and analytic assumptions we make on the 
geometry (frequency localized connection). While these come from the non-linear 
problem, they are of course a bit more general. 


5.1. Construction of the initial frame, and the comparison principle. The 

first thing we do here is to put the initial connection D. into the Coulomb gauge. 
Via the Uhlenbeck lemma we simply need to show that: 

llZILt < £0, 

for eo the sufficiently small parameter from line 11 011 (which should not be con¬ 
fused with the small constant from Lemma I.'LI I above). This bound follows 
immediately from the gauge covariant Sobolev embedding (for n even): 

C , 

which in turn follows from repeated application of the usual single derivative Sobolev 
embeddings and the Kato estimate (which follows immediately from and Cauchy- 
Schwatrz): 

(60) |d|F|| < \DF\ , 

where F is any section to Ad x g and the absolute norm | • | is taken with respect 
to the Killing inner product dnj. 

We may now assume that we are dealing with an initial data set: 

(61) (£(0),^(0),i?(0)) , 

for the system which is such that connection DiQ) = d + ^4(0) satisfied the elliptic 
div-curl system: 

(62) dA(0)-f [A(0),A(0)] = £(0) , d*A{Q) = 0, 

and such that the compatibility condition 0 is satisfied. Furthermore, from lO 
we have the bounds: 


IU(0)IU^ < Co . 
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We will now use this last bound to show that the initial data set inu is in fact in 
the classical Sobolev spaces . This is a consequence of the following: 


Lemma 5.1 (Comparison principle for Sobolev norms on R"). Let D_ = d + A be 
a connection on R", with n even, such that one has the potential and curvature 
bounds: 

(63) lUIUn , IIZII < eo , 

^ A 

(64) llZliff. 

for < k. Suppose also that ID. is in the gauge d* A = 0. Then we have the 
eritical classical Sobolev bounds: 

(65) llZlI^^^Ceo, 

(66) lUII^^^Ceo. 

Furthermore, if G is any g valued function, then we have the following inductive 
comparison of norms: 

(67) " ^ 

< G(M:^,...,Mfe_i) ||G||^[..,., , 

where the index k* is such that ^ k* < n, and where we have set: 

^ W D^G Wl., 

k* 

to be the interval gauge-covariant Sobolev space. We use an analogous definition 
for the space ’^1. ITe also have the non-inductive equivalenee between "S/xA and 
F: 

(68) Nf . ||i4||^fc ^ ^ -^fc II I 

where Nk, ^ k, is a set of constants which depends only on the dimension and 
not on the eonstant cq once it is sufficiently small. In particular, combining all of 
this, we have the following classical Sobolev bounds on the pair {A,Ff): 

(69) IIGII^, ^ G(Mn^,...,Mfc_i)Mfc , 

(70) lUllff.+i ^ C{M^,...,Mk-i)Mk . 
for ^ <k. 


Proof of Lem,m,a, \5 . 1\ The proof will be accomplished via a series of inductions. In 
what follows, we will assume the estimate whose proof follows from simple 
analysis of the elliptic system in Besov spaces of the kind . We will 

perform many reductions like this in the sequel so we leave this one to the reader. 

The first step is to prove the critical classical Sobolev ijnni). Note that the poten¬ 
tial bounds follow from this and P|l . The inductive hypothesis that we make 
here is that: 
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for k = I + 771 + 2 ^ ^ whenever 0 < / ^ h- Notice that this hypothesis is verified 
for /q = 0 on account of the assumption lICT) and by applying the Kato estimate 
in conjunction with integer Sobolev embeddings. Notice also that by applying 
Riesz operator estimates to the elliptic system (EIJ, and using the product estimate 
(EHll along with Sobolev embeddings we have the bounds: 

< llvLzii^.+|| vL([a,a])||^. , 

< liv'zii^.+||vUlL^-IUIU", 

< llVLZli^. +eo-||V'+iA||^. . 

Therefore, the inductive hypothesis GD may be assumed to also contain the esti¬ 
mate: 

(72) ||V(+'1||^^ < eo , 

for fc = / -I- 2 < ^ and I < Iq- To show that GU holds for all / ^ Zq + Ij we start 
with I ^ Iq and we compute using 601) and Sobolev embeddings that: 

< II 11^. + II Wi{[A,D^-^F]) 11^. , 

< eo + II VUII^^ . \\D^-^F\\^^ + lUIU. • II , 

<eo + eo-||V(+iF—iF||^» . 

This inductively establishes GU and hence proves 

We now show lUTTll . We first deal with the leftmost inequality. Our inductive 
hypothesis here is that: 

(73) \\ViD^Gh2 < ||G||^[...., , 

2 

where l + m = ko for ko = k or ko = k*, and for all I ^ Iq- To compute 

in terms of this, we need to split into cases depending on whether or not 1 + 1 < 

In the former case we compute that: 


||Vm^m-lG||^, , 

< l|ViF™G|U. + ||V'([AF'"-iG])|U. , 



■ ■ G \\^[k*,k] + • 

||F™-iG|| 2„ 


" " Ln-2l-2 

+ IUIIl"-I|vLf— iG||^^ , 

< G{M^, 

...,Mfe_i) II G II +eo- II 

-'GIU 2 . 

case where 

^ — 1 ^ / we have the inequality: 



||V(+'F—^GIU. , 

<G(M^,...,Mfe_i) ||G||^[..,., +||VU|| ^ .||F—^GIU. 

+ IU||l-||vLf— iG||^^ , 

< C(M ^,..., Mfe_i) II G ||^[..,., + II VL+'A lU. • II D^+^-^G IU 2 
+ eo-||V(+iF—iG|U. . 
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Notice that this last line above used the ^ L” gauge covariant Sobolev em¬ 
bedding. To bound the second term on this line, notice that since ^ — 1 ^ ^ and 
we must assume that 1 ^ m for the induction to make sense, we have the bound 
k* ^ -|- TO — 1 ^ A:. This allows us to bound: 

Furthermore, by placing all of these calculations within an induction on the value 
of k itself, and using the bound while noting that I ^ k — 1 we may assume 
the bound: 

< llViZlU. < . 

This completes our inductive proof of m above. 

The proof of the second inequality on line follows from reasoning similar 

as that used to prove GSl inductively. We leave it to the reader to set up the 
inductive hypothesis for this case and work out the details. This completes our 
proof of Lemma o □ 


Using Lemma o and the assumed bounds (tTUll-ltTTl). we may assume that our 
initial data inu is such that: 


(74) 

(75) 

(76) 

(77) 

where < 
have that eg 
Here Mk and 


||(f(o),f;(o))||^^ < ?o, 

II ii(0) II < Co , 

|1(£(0),U(0))||^. ^ Mk, 

|iH( 0 )|i^.+, ^ Mfe, 

fc, and the Mk depend on the Mk in some inductive way, and we also 
^ Ceq for some constant C which depends only on the dimension, 
eo refer to the constants introduced in the statement of Theorem ll.il 


We now decompose the initial field strength {£(0)} in a way that will be consis¬ 
tent with the evolution of the system 0-0. This will be convenient for discussing 
the Cauchy problem. Our first step is to dehne the following elliptic quantity: 

(78) Aoo = -[a*, V*ao]-I-[a*,^] . 

where for convenience we have labeled {oi} = {£^(0)}. We then dehne the auxiliary 
set of quantities: 

(79) di = Ei+ Viao - [ao,ai] . 

Notice that as an immediate consequence of the constraint equation the form 
of (CHI), and the Coulomb condition d*a = 0, we have the secondary Coulomb 
condition: 

V*di = 0 . 

This will turn out to be important in a moment. Now, from the dehnition of the 
quantities CHI) and (P|l . the already established bounds CU-CZI), and several 
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rounds of Sobolev embeddings, we have the following differential bounds on the 
quantities {hi}: 

(80) \\a\\^:^ < eo , 

(81) II a 11^. ^ Mk , 

for < k (after a possible slight redefinition of the constants eoj Mk via multipli¬ 
cation by some fixed dimensional constant). We now define a Coulomb admissible 
initial data set to be a collection (,F, {oi}, {hi}) such that: 

(82) da+[a,a\ = F, d*a = 0 , d*d = 0 . 

Notice that F is uniquely determined by the {oi}, therefore we do not need to 
include it in the definition of initial data. We define the Coulomb-Cauchy problem 
to be the task of finding a space-time connection D = d -\- A such that it satisfies 
the set of equations: 

(83a) Df^Fcf} = 0 , 

(83b) dA +[A,A] = F , 

(83c) d*A = 0 , 

and such that at time t = 0 we have that: 

(84) ^(0) = a, dtAiO) = d . 


We remark briefly here that solving the problem provides a solution to 

the original Yang Mills system 0-0 with Cauchy data (EU as long as we define 
the collection {h} according to the equations All we need to do to prove 

this assertion is to show that: 

-foi(O) = Ei . 

Our proof of this follows the same bootstrapping philosophy used to show the 
equivalence m in the proof of Lemma The claim will follow at once from 
equation if we can first establish that: 

Ao(0) = ao , 

where oq is defined by m- Now, from the system of equations we have that 
the quantity Aq is elliptically determined by the equation: 

(85) AaAo = [A„VtA^] , 

where = lAIAi is the gauge covariant Laplacean. Furthermore, by using equa¬ 
tion as the definition of Ei, and substituting this into equation we have 
that the quantity oq is elliptically determined by the equation: 

( 86 ) AaOo = [ai,C] . 

By subtracting from at time t = 0 we have that: 

Aa(Ao(0) — Oo) = 0 . 

Uniqueness now comes from the Sobolev type estimate: 
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which follows from the smallness condition and the usual Sobolev estimates. 
The details of the proof are left to the reader. 

Keeping the equivalence we have just established in mind, and the first inequality 
contained in the comparison estimates and (EHl), we have reduced the demon¬ 
stration of Theorem o to showing the following non-gauge covariant global regu¬ 
larity theorem: 


Theorem 5.2 (Global regularity in the Coulomb gauge). Let the number of spatial 
dimensions be 6 ^ n. Then there exists a set of constants cq o-n-d C,Ck, ^ k 
such that if (K, {ui}, {hi}) is a Coulomb admissible initial data set such that is 
satisfies the bounds: 


(87a) 



^0 , 

lizilff. 


Mk , 

(87b) 

II a 11^,^ 


Co , 

Ilall^n- 


eo , 

(87c) 

II ® \\h’‘ 


AIk-1 ^ 

II ® llff'=-i 


Mk- 


then if cq is sufficiently small there exists a unique global solution {Aa\ to the 
system (ESI) with this initial data. Furthermore, this solution obeys the following 
differential estimates: 


(88a) 


\dtA\\^^ 


^ CL, 


0 , 


(88b) ^ Ck-iMk-i 


dtA\\^k-i < Ck-iMk-i , 


5.2. Local existence in the Coulomb gauge. Our goal here is to reduce the 
proof of Theorem 115.211 to a certain a-priori estimate involving the energies of the 
field strength F. This amounts to proving a local existence theorem for the system 
(ISa^dSl). The proof of this will allow us to set up a system of equations for the 
coulomb potentials {Aa} which will be of central importance in the sequel. We will 
show that: 


Proposition 5.3 (Local existence in the Coulomb gauge). Let the number of spatial 
dimensions be 6 ^ n. Then for every set of constants C, Ck, ^ k, there exists 
an Co which only depends on C with the following property: If ({ai},{ai}) is any 
set of Coulomb admissible initial data such that: 

(89) ||a||^^ < Ci-o , ||a||^^ < C?o , 

(90) llallii'fc ^ Ck-iMk-i , ||a||^fc_i < Ck-iMk-i , 

then for cq sufficiently small there exists a time 0 < T*, which only depends on 
the quantities CLo, C^Mn, C n +2 M n +2 such that there exists a unique local solution 
{Aa} to the system (18211 - 113411 with this set of initial data. Furthermore, on the time 
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interval [0,T*] one has the following norm bounds on the collection {Aa}: 


(91) 

sup ||A(<)|| ^ 


2CYo , 

(92) 

sup II dtA (t) II 

< 

2CYo , 

(93) 

sup ||A(t)||^, 


2Ck-iMk. 

(94) 

sup II dtA{t) W^k-i 


2Ck-iMk. 


Proof of Proposition EH The proof will be reduced to the standard procedure of 
energy estimates and Sobolev embeddings. Since we are assuming that the initial 
data has enough smoothness to cover L°°, this is more or less trivial. We start 
by plugging (183 bll directly into Il83all . After an application of the gauge condition 
d*A = 0 this yields a general second order system of equations which we write as: 

(95) = —dfsdtAo + A^] — [Aq,,9“A^] — [A°‘,Fap] . 

To split this into a hyperbolic-elliptic system, we decompose the set of equations 
(li^ into its spatial and temporal parts, and apply the Leray projection: 

„ d*d _ (div), 

to the resulting spatial equation. After some rearrangement of the elliptic equation 
this yields the coupled system: 

(96a) DA, = V{[dtAo,A,] - [A„,5“A,] - [A“,F„,]) , 

(96b) AAq = — [Aj, 9®Ao]-I-[A®, foi] • 

The above system of equations can be solved locally in time with the bounds 
(EU through a Picard iteration scheme. We leave this as an exercise for the reader. 
Notice that the projection V can be removed in energy estimates because it is an 
order zero operator. Notice also that even though the smallness of the time inter¬ 
val [0, T*] will not make up for estimates involving the elliptic equation (I96bll . the 
critical smallness assumption allows one to obtain the bootstrapping estimates 
(IMli-iinTl) if one uses Littlewood-Paley decompositions and paraproducts to make 
sure at least one factor in the non-linearity on the right hand side of (I96bll goes in a 
critical space. This same comment goes for bounding terms on the right hand side 
of Il96all in energy estimates when one is bootstrapping the higher norm constants 
CkMk for 2:^ < k. Again, the smallness in time makes up for the size of the first 
few constants Cen, CilMil , Cn+2 Mn+2. 

Having now produced a local solution to the system EEI) with the desired prop¬ 
erties, we have shown the conclusion of Proposition 115.311 once we show that the 
spatial potentials which solve Il96all are in fact solutions to the spatial portion of 
the original second order equation This will be shown through our general 

strategy of coming up with a quantity which yields a critical elliptic bootstrapping 
estimate which will force it to be zero. This time, the desired quantity turns out to 
be related to the conservation of electric charge for the Yang-Mills equations. We 
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first write the spatial portion of the non-linearity on the right hand side of as 
a vector: 

(97) Afi = — didtAg + [dtA<^,Ai\ — [Aa,d°‘Ai\ — [A°‘,Fai] . 

We would like to show that the equations force (/ — V)N = 0. We compute 
that: 

Now, using the equation to compute OiAAq, this last line becomes: 

where the equality of the second line follows on account of skew symmetry. We 
now isolate the interesting portion of the term on the right hand side of the last 
line above and use the Jacobi identity to compute that: 

= + [A'^,D^F^p] , 

Now, again using equation (I96bll we have that D^Fq/^ = 0. Furthermore, from 
equation 196all we also have the identity: 

D^F,0 = -(I-V\N . 

Combining all of this, we have the following equality: 

(98) (/ - V)U = V,A-i [A\ (J - lP),Af] . 

Finally, from the form of CT and the already established estimates (PHTl-llMIl as 
well as the boundedness properties of the operator (1 —V) we have that: 

\\{I-V)M{t)\\^. < oo, 

for all times t G [0,T*]. However, from the smallness bound (I91II . the identity (I98II . 
and a Sobolev embedding we also have the fixed time bound: 

\\{I-V)N\\^^ < ||[H^(l-nV]||^t , 

^ \\AU.-\\{I-V)M\\^^ , 

< ?o-ii(/-miLt ■ 

Therefore, for ?o sufficiently small we see that we must have (/ — V)N = 0 as was 
to be shown. This completes the proof that the solution to is a solution to the 
general system (p|l. and therefore ends our proof of Proposition 15.81 □ 

5.3. The second order curvature equation and the main a-priori estimate. 

Through a repeated application of the local existence theorem oi we may reduce 
the proof of the global existence theorem 15.21 to showing a-priori that any solution 
to the Coulomb system (jHHi-JHSl which exists on a time interval [0, T*] (possibly 
large!), and such that it obeys the both the initial data bounds (I87all " 187cll . as well 
as the evolution bounds El)-®, in fact obeys the improved evolution bounds 


26 


JOACHIM KRIEGER AND JACOB STERBENZ 


Now, it turns out that the system of equations is by itself not so well 
adapted'* to the proof of such an a-priori estimate. This stems from the fact that 
these equations are not covariant. This manifests itself in the projection operator 
V ■ If one were to try to write the hyperbolic system of equations (I96all in terms 
of covariant wave operator and a source term, the projection operator which is 
non-local would end up causing problems in various commutator terms. The way 
around this is to not only consider the system but to also work directly with 
the curvature in the equations lX;fall - ll83bll . This is possible because we are not 
attempting to set up an iteration scheme, but are instead merely trying to prove 
an a-priori estimate, so we may safely assume that the quantities we work with 
satisfy any equation which results from the system jHSIi- We will in fact use several 
such elliptic and hyperbolic equations. As a very rough description of this kind of 
philosophy, the reader may find it useful to keep in mind the following schematic: 

Improved control of the curvature , 

Improved control of the connection , 

Weak control of the connection for longer times . 

To provide the improved control on the curvature, we will employ a second order 
equation for it. To derive this, we write the Bianchi identities (I83bll in the form 0 
and then contract this expression with the covariant derivative D. This yields the 
equations: 


Weak control of the connection 


0 — {DcFpj + DjFa/s + DfjFja) , 

= ^aF^P + [F\,Fp^] + [F\, F,^] , 

(99) = . 

In addition to and the system ra . it will also be useful for us to employ a 
secondary elliptic equation. This will be for the quantity dtAQ\ 

(100) = A *i9*(—[Ai,-f [Ap, -|-[A“, Tjo;]) . 

This equation follows immediately from differentiating the equation IIOBbll with re¬ 
spect to time, and then applying the conservation law V“[A^,Fo,^] = 0 to the 
resulting expression. We are now ready to state our main a-priori estimate: 


Theorem 5.4 (Main a-priori estimate for the curvature of the Coulomb system 
M-llMIll. Let the space-time connection D = d -\- A on where 6 ^ n, he 

given such that it satisfies the following system of equations on some finite time 


^Strictly speaking, this is not entirely true. This can be seen from the fact that if one looks 
at the localized commutator [ny^,'p]Px, where the connection {Aq} is assumed to be of much 
lower frequency than A, then this is essentially a “derivative falls on low” interaction which can be 
handled with the available Strichartz estimates in 5 ^ n dimensions. We have elected instead to 
follow a formulation of the YM system which is based on the curvature because of its conceptual 
appeal. However, in lower dimensions, it may be best to work directly with the connection {Aa}, 
in part to help mitigate bad High x High => Low frequency interactions which come from the 
quadratic term on the right hand side of 1^ . 
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interval [0,T*]; 

(101a) UaF^p 

(101b) dA+[A,A] 

(101c) d*A 

(lOld) DAi 

(lOle) A^o 

(lOlf) AidtAo) 


F , 

0 , 

r{ [dtAo,A,] - [Ac, 5“A,] - [A“,Fc,]) , 

[Aq, Ai] + [A*,i^oi] , 

i9*(— [Ai, (dtAo)] + [Aq, dtAi] + [A°‘, Fia]) ■ 


Here we have split {Ac} = (Aq, (Ajj). Let there also be given a set of fixed constants 
L, N, Lk, Nk for the indices ^ k, such that at time t = 0 we have the initial 
bounds: 


(102) ||F(0)||^:^ < ?o , ||ftF(0)||^:^ ^ L?o , 

(103) ||J^(0)||^. < Mfc , ||5tF(0)||^._i ^ LfeMfc . 

Then if Fq is chosen as to be sufficiently small on line above, there exists a 

collection constants C,Ck, which only depend on the dimension and the collection 
L, N, Lk, Nf; but not on ?o (once it is small enough) or the collection Mf^, such that 
if at later times we have the bounds: 


(104) 

sup ||A(t)|| ^ 

< 

2iVC?o , 

sup ||9tA(t)|| ^ 

< 

2A^C?o 

(105) 

sup \\F{t)\\ ^ 


2NCfo , 

sup II dtF (t) II ^ 


2A^C?o 

(106) 

sup ||A(t)||^fc 

< 

OO , 

sup II (9tA(t) ||^,_1 

< 

OO , 

(107) 

sup \\F{t)\\jg^ 

< 

CX) , 

sup II 5t^’(t) ||^fc_i 

< 

OO , 




the following set of stronger bounds holds: 

(108) 

^ N-^Cfo, sup ||ati^(t)||.z^ < N-^Cfo, 

^ Nf^CkMk , sup ||9tF(t)|l^fc_i < Nf^CkMk ■ 

OsJt^T* 


sup II F{t) II ^ 
(109) 

sup II i^(i) llilii 

O^t^T* 


Remark 5.5. The bounds involving (tWIi and express the fact that the control 
we provide here is at the critical level. That is, bounds on the higher norms are 
completely irrelevant in the bootstrapping procedure, except for the fact that they 
are finite. The only place where we need higher norms to accomplish anything 
here is in the local existence theorem oi The way we will prove Theorem 15.41 is 
by first establishing control at the critical level through a bootstrapping argument. 
The control of the higher norms will then be provided through an a-priori estimate 
who’s proof is essentially identical to that of the critical bootstrapping bound, and 
will therefore be left to the reader. 
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Remark 5.6. The reader my find it useful to have a brief description of the var¬ 
ious constants appearing in Proposition o and Theorem El The constants 
L, Lfc, TV, Nk are input into the a-priori machine, and these are meant to cover 
the transition to and from estimates involving the connection and curvature. The 
set L, Lk is only needed to deal with the initial data. This is necessary because we 
must have an account of bounds involving the quantities dtF. The other constants 
TV, Nk govern comparison type estimates similar to The constants C, Ck are 

byproducts of the proof of the a-priori estimate itself. These will very much depend 
on the L,Lk,N,Nk, but are independent of cq when it is small enough. Finally, 
the main adjusting parameter ?o has two important roles. First and foremost, it is 
needed to prove the a-priori estimate itself. However, it has a second purpose which 
is also crucial, and that is to keep the dependence of C,Ck on L,Lk,N,Nk from 
creating a feedback loop. Specifically, we need our various comparison estimates to 
have constants which do not depend on the large constants (7, Ck ■ Since the critical 
energy of the curvature can grow by a factor of C, we will need the extra influence 
of ?o to make sure this does not cycle back to L,Lk,N,Nk. 


Proof that Theorem \5.4\ and Provo sition \K~f^ together im.nhi Theorem, \ 5. ‘A The proof 
here is more or less straightforward and will be largely left to the reader. Every¬ 
thing relies on two sets of estimates. The first has to do with showing that the 
initial data bounds IS7all - lS7cll imply the initial control assumed in (iro^ - iiTnnii . 
This is just a matter of bounding the time derivatives dtF, and is why we have 
included the set of auxiliary constants L, Lk- Using now the field equations 0-0 
(we have not included them in the system (Cnu, but we may assume they hold), 
we have the general schematic identity at time t = 0: 

(110) atE(O) = V,E(0) + [a,E(0)] , 

where we have generically set a = (ao,{ai}). Therefore, to establish the control 
we only need to prove the estimates: 

(111) |i[a,E(0)]||^^ < ?o , ||[a,F(0)]|i^.., < Mfc , 

assuming that the bounds hold. Notice that while these initial norms 

do not contain estimates on the quantities Ei = Foi(O), we originally had bounds on 
this from lines above. Also, any estimates on ug which are needed in this 

process can be provided, for instance, through the equation m- Since the proof 
of estimate du is a straightforward paraproduct type bound, similar to what was 
done in the proof of Lemma o above, we leave it to the interested reader (see 
below for more details). 

The second set of estimates we need to prove here has to do with the relation¬ 
ship between the later time norms jnDi-jinni) and the ones (inni-ini contained 
in the proof of the local existence proposition. Since our global regularity proof 
is by iteration of this latter result, we need to first show that the weak control 
(FITll-llMIl implies the bootstrapping assumption nni)-(tTIT7ll. This assertion is triv¬ 
ial for norms involving the potentials itrna and as well as the larger norms 

(tWIl just by applying the definition of curvature. Therefore, we only need to see 
that (inu-® implies the bounds We first establish the desired bounds for 

the undifferentiated term F. For the spatial curvature and potentials {F_,A), this 
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is just the comparison principle form line and we can assume that the con¬ 

stants N, Nk are large enough to cover that case. To deal with potentials involving 
time derivatives of A or the temporal potential Aq we have the following general 
calculation: 


< 


dA II -I- II [A, A] II , 

.n-2 +||Alf, , 

H-2- " " h ^- 


A 


where the quadratic term follows from paraproduct decompositions, Holders in¬ 
equality, and Sobolev embeddings as in the proof of The desired result now 
follows from the smallness of eg and the fact that we may assume the constant C 
in line (EH) does not depend on it. To establish the estimate for the quantity 9tF, 
we use the later time version of the identity (tnnii . as well as the estimate which is 
responsible for the first estimate on line EH above, which is: 


II [-4,^] II < II H II 



By again assume that the constant eg is sufficiently small with respect to C we have 
the desired bound. 


The final thing we need to do here is to show that the improved bounds dTUHll - 
(tTIM imply the assumed estimates of the local existence theorem (I89I) - (I9()|I . This is 
again a comparison estimate either identical or similar to lIHHl) . Note that we only 
need to bound the spatial portion of the potentials {Aa} and their time deriva¬ 
tives. The undifferentiated terms can be bounded directly by EHl) because we may 
assume that the constant eg on line (tTHHIl is small enough that the critical estimate 
(PI holds. To deal with the time differentiated potentials dtA, one can simply 
differentiate the Hodge system (rnrn^ - dTTTTni with respect to time and then apply 
essentially the same proof as was used to produce (EH- The details of this are left 
to the ambitious reader. □ 


6. Proof of the Main Bootstrapping Estimate 

We are now ready to begin our proof of the (improved) main critical a-priori 
estimate dTUHll . In order to do this, we will need to bootstrap in a function space 
which is much stronger than the energy type spaces of Theorem l5.4l This will cost 
us another bootstrapping procedure, but this will be easy to set up because it will 
be clear the extra norms we create have good bounds on some very small initial time 
interval due to the fact that we are assuming the higher energy boundedness (ITTT7I) 
and that these norms involve integration in time. All of the norms we construct 
here will be of Strichartz type, with an Besov structure in the spatial variable. 
It will also be necessary for us to include an angular square sum structure in many 
of the estimates we prove. This may seem a bit odd at first because we will not 
need such bounds directly in our proof of Theorem E3I These extra bounds will 
instead be used to give the fine control which is needed to handle the linear part of 
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the problem. At each fixed frequency, we form the square-sum norms: 


( 112 ) 


PxA\ 


SLP — 


sup 

e<i 


\ 




<p ■■ 




where is taken to be a (uniformly) finitely overlapping set of spherical caps such 
that = U^r^, each of which has size ^ 9 and constructed such a way that one 
has the bounds: 


( V 


< 


\\PxA\\l^ , 


independent of the size of 9. Here we take the condition wq G F^ to mean that 
the variable ujq is essentially in the center of that spherical cap F<^. The exact 
placement is not essential. Notice that by construction, these norms are contained 
in the usual PP spaces because we can assume that one set of angular sectors we 
are summing over contains the whole sphere. 


Next, using the same prescription that defined the Besov spaces we define 
the angular square sum Besov spaces to be: 

(113) II A ||g^p,(5,3) = \\P\A\\^gi^p 

We now define the main dispersive component of the function spaces we will be 
working with. These are based Strichartz spaces, built on the norms (tnni and 
EU- These are all defined on a finite time interval [0,T*], which will for the most 
part be left implicit: 



(114) 

(115) 


Ab. = IIAI 


2(n-l) 




(2,s+r) 


)[0,T* 


Alls^. = ||A| 


Li(SB^ ^ )[0.T* 


To gain some intuition about these spaces, notice that they all scale like L°°(H^) 
under the change of variables 0 . Therefore, they all scale like solutions to the 
wave equations with TJ® initial data. Indeed, these spaces are consistent with the 
available range of Strichartz estimates for the usual scalar wave equation, and it 
will be our goal to show that one has bounds on the norm itTT^ for solutions of the 
covariant wave operator on the left hand side of (irnrii . 


To form the overall spaces we will bootstrap in, we add the above space-time 
norms to the energy type norms used in the statement of the main a-priori estimate 

(Oil : 


(116) 

(117) 


y® 


L~[0,T*](iF®) n sz ^, 
L~[0,T*](iF®) n . 


y 
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It will also be necessary for us to estimate time derivatives in the above spaces. 
Since differentiation will decrease the scaling by one unit, we use the norms: 

II ^ IIAr'>xay^(A:'*-i) “ II ^ llxs + II II yo-i ) 

with an analogous definition for F® x 

6.1. Proof of the Critical Bootstrapping Estimate. We are now ready to 
prove the critical component of Theorem (15.411 (we will now change notation from 
eo back to cq): 


Proposition 6.1 (Critical bootstrapping estimate in the X® spaces). Let the di¬ 
mension be 6 ^ n. Let the collection {F, A) be a space-time connection curvature 
pair which obeys the general smoothness conditions (nTHl-ltWIl. and which satisfies 
the system of equations (tTUTl) . Let L, N be given constants such that one has the 
initial bounds: 


(118) \\F{0)\\^^+\\dtF{0)\\^^ ^Leo. 

Then there exists a constant C which depends only on L, N and the dimension such 
that if one has the bootstrapping bounds on a time interval [0, T*]: 


(119) sup \\{A,dtA)[t)\\ ^ ^ 27VC'eo , 

(120) « 2iVC.„, 


then for eg sufficiently small, we have that the following improved bounds on the 
same time interval [0, T*]; 


( 121 ) 


El 


• ^-4 1 . n-6 


^ iV-iCeo . 


The proof of Proposition lO will be accomplished through the standard use of 
Littlewood-Paley paraproduct decompositions, and the application of space-time 
estimates. All of the linear bounds we will need are provided by the following, 
which is the main technical result of this work: 


Theorem 6.2 (Gauge covariant angular square-sum Strichartz estimates for Yang-Mills 
connections). Let the number of dimensions be such that 6 ^ n, and let d + A be 
a space-time connection defined defined on all of Minkowski space such that 

it satisfies the conditions: 


(122a) 


Ao 

= 

0 

(122b) 


d*A 

= 

0 

(122c) 


l(l) 

= 

0 

(122d) 

lllll^ 

n-2 

2 


£ 

(122e) 


□A 

= 

V{[B,H]) 

(122f) 






. n-2 

Y^z~xY 

n —4 


£ 


(Temporal Gauge) , 
(Coulomb Gauge) , 
(Space-time frequency localization) , 
(Space-time estimate) , 
(Structure equation) , 

(Structure estimates) , 
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where {B,H) is an auxiliary set of q valued functions defined on all of . The 

symbol V denotes a composition of the Leray projection V with some frequency 
cutoff function which is bounded on all mixed Lebesgue-Besov spaces of the type 
We assume also that the connection d+A satisfies the general smooth¬ 
ness bounds: 

~ n — 2 

(123) sup II A(t) II ^ oo , <c A) , 

for each fixed time T*. Let now F he any other g valued function which satisfies 
the inhomogeneous equation: 


(124) n^F = G , 
with Cauchy data: 

(125) F(0) = /, dtF{0) = f. 

Then if the constant £ in lines (tT2^ and (1122111 above is sufficiently small, one 
has the following family of space-time estimates: 

(126) ||F|I < 


'(A — ) 




G|| .n-6 


Remark 6.3. In the above Theorem, the Strichartz estimates have a preferred scal¬ 
ing. This is consistent with the application we have in mind. In general, it is not 
possible to prove estimates of the type for higher Sobolev indices without as¬ 
suming that the connection A itself has more regularity. In the case where A does 
have better regularity, a proof similar to that given after ProDOsition ll.ll below can 
be used to show estimates for those higher norms. 


Proof of Proposition EH The proof requires another bootstrapping argument. This 
will be done on subintervals [0,T**] C [0,T*]. Using the initial bounds Ijl 1 811 and 
the general smoothness assumption (iniTIl we may assume that for T** <C 1 we have 
the estimate (tnnii . Therefore, it suffices to prove that (tnnt implies (tnrii on all 
subintervals [0, T**]. But this is just the same as proving Proposition lb . 1 1 itself since 
T* is arbitrary. 

The proof will be accomplished in a series of steps. Our first goal will be to 
derive X'* and Z® type bounds for the connection d -\- A. We will then split this 

connection into a sum of two pieces d -\- A -\- A, where the potentials A satisfy the 

criteria of Theorem 16.21 and the remainder term A obeys the better L^{L°°) space- 
time estimate. This is enough to be able to write the equation (llOlaH schematically 
as: 

(127) a^F = [Vl, F] + [I, VF] + [I, [I, F]] + [I, [I, F]] + [F, F] . 

One is then in a position where Theorem lO can be applied directly, and we only 
need to choose our constant C depending on L, N and the constant which appears 

on line (inHll . The key thing is that the dangerous term [A, VF] can safely be put 

in ) using the improved space-time estimate for A and the energy estimate 

for F. Throughout the proof we will use the usual splitting {Aa} = (^ 0 , 2 !) of d-\-A 
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into its temporal and spatial components. 


• X 2 estimates for {^4^}. Here we write F for the spatial components of the 
field strength and use the Hodge system 1101bll - (|l()lcll to write schematically: 

(128) A = ■ 

As a preliminary first step, we will show that the potentials {AA can be estimated 

• n — 2 

in Y^~ with bounds comparable to NCcq. Now, it is not too difficult to see 
directly from the definition that: 

v,A-i : y— y— . 

Next, notice that we have the bilinear estimate: 

(129) : L°°(i7^)-y^ , 

which follows integrating the bound (im . Note that in this case, the range restric¬ 
tions are easily satisfied. Therefore, using the critical bounds as 

well as the general smoothness criteria (llOtill (so that in particular we may assume 
the y “ 2 “ norm of {AA i® finite) we see we may absorb the quadratic term on the 
right hand side of (inHi) onto the left in the desired estimates. 

• n — 2 

Our task is now to show the more restrictive X estimates for the potentials 
{AA- Again from the definition, it is not hard to see that we have the embedding: 

V2,A“^ : X^ ^ X^ . 

• n — 2 

Therefore, keeping in mind the Y bounds just proved, we see that is suffices to 
be able to show the bilinear estimate: 

(130) v,,A"^ : y^.y^ . 

The main issue here is, of course, to be able to include the angular square sum 
structure. This turns out to be very simple. Notice first that by orthogonality and 
the general nesting (EH) we have the inclusion (on any finite time interval [0, T*]): 

, • n — 2 , n . • n — 1 , • n — 2 

L°°{H—)C^L^{H—) C A— . 

Therefore, to conclude (innii we see that it suffices to be able to show the set of 
bilinear estimates: 

(131) V,,A-i : y^.y^ L~(i7^) , 

(132) V:rA"^ : y^.y^ . 

The first of these embedding follows easily from: 

which in turn follows directly from Enj). The second estimate above is more 

bilinear in nature. It follows from applying a trichotomy and then summing the 
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following two fixed frequency bilinear inclusions: 

(133) 

V,A-i : 

(134) 

V,A-i : 


Px{L\H^)) . 

P,{L\H^)) , 


where we have set 5 = ^(^rf) — | to be the “gap” constant. The estimates (I133|l - 
(tm follow directly from the frequency localized bounds Note that in 

this case, the various positivity conditions are satisfied. 


• Y 2 xY 2 bounds for the pair (Ao,dtAo). Our first step here is to deal 
with the variable Aq. We integrate equation iimra and write it schematically as: 

(135) Ao = A-i(V,[^o,j4] + [Ai^]) ■ 

The desired estimate now follows by constructing Aq from scratch by iteration, using 
the already established estimates and bilinear embedding (1123 and the following: 

(136) A-i : . 


This last embedding follows in turn from the pair of estimates: 
A-i : L“(ij^) • L°°(i/"^) 

2(n —1) n —1 \ 

) n-3 2 / 

-^2 


A-i : ^ ^ ^ v-2 






Both of these are easy consequences of (1^ and we leave the numerology to the 
reader. 


To establish the Y 2 bound for dtAo, we can use the equation iToTl to treat it 
as a separate variable. In that equation we have quantities of the form dtA. We can 
use the curvature equation finnli to swap this for spatial derivatives as follows: 

(137) dtA = V,Ao-[Ao,A]+F . 

This allows us to write schematically: 

(138) {dtAo) = V^A ^ ([yl, (dtAg)] + [^, V^^l] + [A, [A, yl]] + [A, F]) , 
where A now denotes any of the full set of potentials {Aa} which we have estimated 

• n —2 ___ • n —4 

in the space Y . We may now iterate the equation II 13811 in the space Y to 
constructively obtain the desired bounds using the bilinear embedding: 

^ • n-2 • n.-4 • n-4 

■■ Y— -Y— ^ Y— . 

which follows from differentiating (inHll above. Notice that the needed inclusion 
[A, A] F“ 2 “ follows, for instance, from differentiating the embedding (II 29|l . 
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• Splitting the spatial potentials. Our next goal is to split the spatial potentials 
{Ai} into n sum of two pieces which are each more easily managed. This will be 
done using the “structure” equation (tlOTHIl . Using the formula 1123 to get rid of 
terms of the form dtA on the right hand side of this equation, and using the various 
y® space embeddings we have just shown (on the time interval [0,T*]), we may 
write this equation in the schematic form: 

(139) 0A = V{[B,H]), 
where the quantities {B, H) obey the estimate: 

< NCeo, 

where the implicit constant in the above inequality comes from the estimates just 
shown. Using Duhamel’s principle and (sharp) time cutoffs, we now extend 113911 
to all possible times. This is done simply by writing: 

(140) A{t) = A^°\t)+I^ sm((t-^V^) r{[B,H]){s) ■ xio.T^]is) ds , 

where denotes to propagation of (ii(0), dtA (0)) as a solution to the free scalar 
wave equation. Also, here X[o,t*] denotes the indicator function of the time interval 
[0,T*]. This implies that we have the condition: 

□ A (t) = 0 , t < 0 , T* < t . 

Now, from the bootstrapping assumption (ITTH we have the pair of bounds: 

II (A(0),5tA(0)) ^ NCeo, 

\\{A{Tn,dtA{T*))\\^^^^^ ^ NCeo. 

Therefore, using the bounds we have just shown in conjunction with the usual 
Strichartz estimates for the wave equation, we have that this extension of the po¬ 
tentials {Aj} satisfies the bounds: 

II A 11^^ < NCeo . 

Notice that the angular square function structure inherent in the A® norms is pro¬ 
vided automatically by the fact that the usual wave equation commutes with the 
angular cutoffs “Ttg. 

Our next step to introduce the space-time frequency cutoff 5 '|t-|<|j|, which cuts 
off smoothly on the region |r| < |^|. That is, the compound multipliers Pa«S'|t|<|{| 
all have kernels with uniform bounds. We denote by 5'|j|^|,-| = I — S'|t-|<|^|. Our 
decomposition of {A^} is now given by the formula: 

^ ^ = 5'|5|^I^|A . 

We now need to show that both the potential sets {A^} and {Aj} obey good X^~ 
estimates. Since the original collection of extended potentials does, we only need 
to prove this assertion for one of these sets. This is most easily shown for the 
collection {Aj}. As we have already mentioned, the cutoffs PA<5'|r|<|5| are bounded 
on all mixed Lebesgue spaces. Therefore, the entire multiplier 5'|^|<|j| is bounded 

on any mixed Lebesgue-Besov space of the type This implies that this 
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multiplier is in fact bounded on the X® spaces, which is enough to support our claim. 

Finally, we would like to prove two fixed frequency multiplier estimates which 
will be useful in the sequel when dealing with the two sets of potentials {A^} and 

{Ai}- The first is: 

(141) II 5tPA5'|r|<|{|^ 1^ P ^ OO . 

This is easily demonstrated by rescaling to frequency A = 1 and using the bound 
on the convolution kernel of Combining this with the remarks made 

above, we see that we have the estimate: 

WdtAW^^ < NCeo . 

In particular, from everything we have shown, the potential set {A^ satisfies all of 
the requirements ini of Theorem lO when Co is sufficiently small. 

The second fixed frequency multiplier bound that will be of use shortly is the 
space-time estimate: 

(142) II ||i9(ip) < A ^ ||A||i9(ip) . 

Here S is the multiplier with symbol S'(r, ^) = — |,^p. To prove this, we employ 

a family of Littlewood-Paley space-time cutoffs which we denote by S'^. By this 
we mean that the space-time frequency support of these is supported where |t| -|- 
1^1 ^ fi. As usual, these are all chosen so as to have uniform bounds on their 
convolution kernels. Using the support restrictions of the multiplier, we 

have the formula: 

M : 

Therefore, by dyadic summing and the boundedness of the multiplier Px, to prove 
it suffices to be able to show that: 

11“ ||l<j(lp) ^ II A ||j;,9(j;,p) . 

This last bound follows easily from rescaling to frequency /r = 1 and the appro¬ 
priate differential bounds on the symbol of which we leave to the reader. 

• L^{L°°) bounds for the potentials {Aa} = (Ao,{A}). Our goal here is to 

show the A type Besov estimate: 

(143) ||(Ao,{l})||^,^^=..(.,t)^ < NCe, . 

By repeatedly using the estimate (tna . we have that the multiplier r: ^A5 '|^|^|t-| 

is bounded on the space ^ ^). Furthermore, from all of the estimates we 

have shown above, and by distributing the derivative in the first term on the right 
hand side of (lldbll . we see that the right hand side of the schematics (I135II and 
(inm are equivalent. Therefore, we have the following heuristic schematic for the 

potentials {Aa}- 

I = A-i([B,F]) , 
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where the pair (B, H) enjoys the bounds: 


< NCeo . 

The bound now follows from the bilinear estimate: 


. -I • n-2 • n-4 

A-1 : Y— ■ Y— 


L\B° 


00 ,( 2,7 


)■ 


This in turn follows from the product estimate: 

^ 2(n —1) n —1 \ , 2(n-l) 




This last estimate follows at once from (1^ . The check on the conditions (gni-® 
is left to the reader. 


• Improving the curvature. This is the final part of the proof of Proposition 
Ifi.ll Recalling the schematic (HSU and using the Strichartz estimates (inni , our 
goal here is to show the following four bounds: 


(144) 

II [Vl,F] 

. n-6 

< 

N^C^el 

(145) 

||[AVF] 


< 

N^C^el 

(146) 

II [IiXf]] 


< 

N^C^el 

(147) 

II [XiXf]] 


< 


(148) 

II 

. n-6 

< 

N^C^el 


For eo sufficiently small, this will be enough for us to conclude the improved boot¬ 
strapping estimates (inrii by choosing C to be such that ^{LN) is equal to the 
constant appearing on the right hand side of estimate itT^ . This works because 
the implicit constants which appear in above have only been manufac¬ 

tured in the estimates of this proof, and can all be chosen to be independent of N 
and C if eg is chosen small enough. 


To prove these bounds, first notice that the estimates (ITm and I14till - (I148II 
are essentially identical. This follows from the equivalence (in terms of F® spaces) 

VA Ki F. We also have the equivalences [^4,24] « F and A] « F. These are 
given by the inclusion: 


(149) 


Y^^ ■ Y^^ C Y^^ 


This is easily demonstrated, as we have already mentioned, by differentiating the 
inclusion and using the boundedness of A ^ on the various F® component 
spaces. Therefore, to prove and (tnnii-nia we only need to know that: 


(150) 


L^{B 








This is yet again a consequence of our general Besov calculus 123), and we leave 
the various additions to the reader. 
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Our final task here is to prove the estimate dll). This needs to be frequency 
decomposed using a trichotomy. Specifically, we have the following set of fixed 
frequency estimates in the three cases (note that in the first two estimates below 
the square summing needs to be done inside the time integral): 


(151) P.«a(L'(.B“’^”-^)) •PA(i~(i?'^)) 

(152) 


, 2(n-l) 

(153) 




^ 2(ti. —1) /rj 


Px{L^{B 


2(n —1) n —1\ 2{ti —1) n —3-^ 


Px{L\H^)) , 


P^L^H^)) , 


where the quantity 6 in the last estimate du above can be computed to be 
^ ~ 3. The estimate (II 51 ll follows from inspection. The latter two 

estimates d^-dSI) follow from (l^" (inil of Remark oi This completes the 
proof of ProDOsition lti.il □ 


7. Reduction to Approximate Half-Wave Operators 

This is a preliminary technical section where we reduce the proof of the Strichartz 
estimates (tnini to a more easily managed form. This material more or less stan¬ 
dard, and we again follow closely what was done in |H]. Our first step here is to 
reduce the proof of Theorem to the following: 


Proposition 7.1 (Existence of a fixed frequency parametrix). Let the number of 
dimensions be6 ^ n, and let d+A^^^^ be a connection which satisfies the conditions 
(tn^ . In addition assume that we have the frequency localization condition: 

(154) ^^A<.(ji.«A) = 0 , 

where Px<, is a frequency cutoff on the region where ^ |^|, where 1 ^ 

a is some fixed parameter. Then if the constant S on lines (112^ and itT^ 
is sufficiently small, there exists a family of approximate propagation operators 
^(s) (or just for short) such that if {fx,gx) is any set of X-frequency 
initial data with Fourier support in the region 2““A ^ |^| ^ 2“A, the following 
estimates hold: 

(155a) l|W""(/A,5A)boxayhA-) ^ Ei{h,gx) , 

(155b) II W,\fx,gx)is) - fx Ik^ < £5 Ei{fx,gx) , 

(155c) \\dtW^{fx,gx){s)-gx\\L^ < XS^ Ei{fx,gx) , 

(155d) \\OA,^^^W^{fx,gx)\\LHL^) < X£EHh,gx). 

Here we have set E(f\,g\) to the Lf normalized energy: 

E{fx,gx) = ||/A||i.+A-kl5A||i. . 

Finally, we have that the frequency support of the parametrix is contained in the 
set 2“^“A < k| ^ 2^“A, where a is as above. 
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Proof that Proposition HD implies Theorem EH The first step here is to reduce the 
estimate insi to the case where G = 0. This is done in the usual way via Duhamel’s 
principle. We define the true propagation operator Us{t) via the formulas: 

Us{s){f,g) = f, dtUs{s){f,g) = g, 


and: 

^AUsif,g) = 0 , 

We then have that: 

(156) Fit) = Uoit)ifJ) + f U,it){0,Gis)) ds , 

Jo 

solves the problem ((T23I)-(in3J). In particular, by Minkowski’s triangle inequality 
we easily have that: 


Usit)iQ,Gis)) ^ 


pOO 


^ . - 6 , ds . 
(x^) 


Therefore, we are trying to show: 


(157) 


Usif,g)\ 


x“2- xdp^(x— 


C'll if,9) . 


H-T- xH — 


for any pair of functions (/, g) and any initial time s. Since it is easy to see that the 
conditions itT^ are translation invariant, it sufhces to show this estimates for s = 0 . 


The estimate (tT^ will be shown using a bootstrapping procedure. This will 
be done inside of the compact intervals [0,r*]. What we will do is to first assume 
that (inTli is true for all 0 ^ s ^ T* on all time intervals of the form [0, s] and 
[s,r*], where the constant on the left hand side of (inTIl is replaced by 2C. Our 
goal is then to improve the constant by proving the desired bound on the 

time subintervals of [0,T*]. Once this is accomplished, we can easily extend the 
bound (ITITI to all subintervals of a slightly larger time interval [0,T* + 7 ], where 
the constant 0 < 7 <C 1 is determined by the bound n^ . This is provided by the 
usual local existence theory based on energy and L°° estimates. Once this is done, 
the bootstrapping closes. Notice again that, by using the local existence theory and 
the bound ifna . we may begin the argument for some very small time interval [ 0 , 7 ]. 

We are now assuming that holds on our time interval [0, T*] with constant 

2G which we will decide on in a moment. We are working with a solution: 

(158) DaF = 0 , 

where the connection d + A satisfies (tn^ . and where we have the initial data: 

(159) FiO) = f, dtFi0)=g. 

We now split this initial data into a sum frequency localized pieces: 

/ = E ^a(/) = E ^, 

A A 

= E ^^^3) = E ’ 

A A 


9 
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and then repeatedly use Proposition 17. II to construct an approximate solution to 
as follows: 


^ = E = E <(/a.5a) . 

A A 


By summing over the parametrix estimate (I155all we automatically have that: 


\F\\ . „-4 , . n-6 ^ -C II (/,5)|| . n-4 . „-6 , 


where C is some fixed constant. We choose this to be our definition of the constant 
on the right hand side of (tnTli . Thus, our goal is to conclude that: 


(160) 


\F-F\ 


■xd^\X^) 


^ ¥ 


(/: g) 


. n—4 . n—6 

xH^r- 


To do this, we use the Duhamel formula (I156II to express everything in terms of the 
operators Us{t): 


F{t)-F{t) = Uo{t){f-F{Q),g-dtF{0))- [ [/«(t) (O, (s)) ds . 

By combining the assumed estimate inn and the approximation bounds (I155bll - 
JISEJ, we have that: 






Therefore, by using Minkowski’s triangle inequality and again using the bootstrap¬ 
ping assumption iim . we see that in order to conclude itrcni) we only need to show 
the following remainder estimate on the time interval [0,T*]: 


(161) 


^ IK/, 5) 11^: 


-4 . ,1-6 

2 XH 2 


To show the estimate II161II . we use a family of frequency cutoffs: 

I = ^•<A + P\<m , 

for each scale A such that they all have kernels with uniform bounds, and such 
that the cutoff is consistent with the definition of d + in the statement 

of Proposition [^2 This allows us to schematically write: 

(162) a^F = -I- [V3;i4;^<,,fA] + [jiA<»>’^a:-FA] 

A 

+ [[j4 .<A,41 a<» ],Ca] + P\]^ • 

The bound (ITTmi for the term is a direct consequence of repeatedly 

applying the estimate itlb^ while using the fact that each term in this sum is 
supported in frequency where |^| ^ A to gain the orthogonality needed to obtain 
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bounds in terms of the pair {f,g). Therefore, we are reduced to showing the fol¬ 
lowing family of error estimates: 


(163) E 

(164) 5] 

(165) 11^ 

(166) II ^ [[^A<.,44A<.],i?A] 11^, 

These estimates are all very similar to each other, and to estimates we have already 
proved in the last section, in particular (I144II - I148II . To prove the first estimate 
(tTCT) above, we further decompose the left hand side into frequencies and use the 
triangle inequality to bound: 

(l.h.soD E 

X,fi : 


IK/,5) II,-,,-. 


Thus, by Young’s inequality, it suffices to show the following family of fixed fre¬ 
quency estimates: 






(/a, 5a) II^zyA ,^21^ , 


o *71 — 2 

where we have set <^ = § — Notice that we have used the Z^~ norm for 

the {A^} on the right hand side. This allows us to reconstruct norms through 
square-summing. For X fj, this estimate is nothing but a fixed frequency version 
of the estimate (115011 above, so it suffices to consider case A <C 5 . Using the simple 
inclusion Va, YC X , this is a consequence of the fixed frequency embedding: 


. 2(ri^ ■r^-. 2(n-l) n-3> /X\ „_R 

(167) ^ ^ ^)) -- L\H^), 


which follows at once from the fixed frequency estimate IS3 which helps to gener¬ 
ate the general estimate (1^ . Notice that the proof of the second estimate (1 16411 
above is very similar to what we have just done. In fact, there is more room be¬ 
cause the derivative is on the low frequency term. We leave the details to the reader. 

It remains to prove the two estimates Since these follow from essen¬ 

tially identical reasoning, we concentrate on proving the second of these estimates. 
This one in fact requires a bit more work than the fist because it has more frequency 
overlap. Applying a trichotomy to the product, we see that it suffices to be able to 
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show the following three estimates: 

pT 


(168) 


(169) 


(170) 


/ (E (E II [^m([4a<.Ma<.]),^’a](s)||^^)V ds 

JO ^ ^ : 

m«:a 

< 11411^,^^1 (/, 9 ) 

£ (E(E lll^■9(14A<..4A<.l),ft]WII^.|„«/)’* 

A<g/i 

E II [^/^([4a<.Ma<.]),^a]IL,.z^ 


A,/j. : 
A~^ 




< 


X- 




The first two estimates (ITTIHIl - iniTnii follow from first fixing time and then proving 
the fixed frequency estimate: 


II [pMAx<„A^^,]),f£{s)\\^^ 

^ II -fV([4A<.MA<.])(s) 


I ■ ^("- 1 ) (2 : 


^’a(s)| 




where 5 is the same constant from estimate (I167II . Indeed, this last line follows 
from the non-time integrated version of that estimate. Applying Young’s inequal¬ 
ity to this, integrating in time and applying Cauchy-Schwartz, using the parametrix 
bound the product embedding inni), and the fact that for each fixed value 

of A the multipliers P»<^\ and Pa<» OJce bounded on the Y® spaces we arrive at the 
desired pair of estimates. 


It remains for us to prove the last estimate above. After another applica¬ 
tion of the embedding (11,^011 and a Cauchy-Schwartz, followed by the parametrix 
estimate (I155all . we are left with showing the bound: 


(E II [^m([4a<.Ma<.]) 


A,/j, : 
A~/j. 


. 2(n-l) 
L 2 (S n-3 ’ 




< 


x~ 


This last estimate follows from applying a further trichotomy, and then using 
Young’s inequality after reduction to the various fixed frequency versions of the 
product estimate CHI) which are provided by the general fixed frequency estimates 
We leave the details to the diligent reader. This completes the proof of 
our reduction of Theorem E21 to Proposition o □ 


The final thing we will do in this section is to make one further reduction of the 
Strichartz estimates (tn^ . This involves the following proposition: 


Proposition 7.2 (Existence of approximate half-wave parametrices). Let the num¬ 
ber of dimensions be6 ^ n, and let d-\-A^^-^ be a connection which satisfies the con¬ 
ditions (tna as well as the frequency localization condition n 541) for A = 1. Then 
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there exists pair of evolution operators $^(/)(t) from to such that 

the fixed time adjoints ($^(<))* are always supported in the region 2““ ^ |^| ^ 2“ 
for some fixed 1 ^ a, and such that they obey the following estimates: 


(171a) 

(171b) 

(171c) 

(171d) 

(171e) 


II (Pi<i>±(/),<i>±(7)) 11^0^^. 

l|V.<i>±(/)|| ^ 

l|atPi<i>±(/)TPi‘i>^(2^*ICl7)llxo 

II $±(0)((27r|C|)“($±(0))*)g- (-A)tPi(g) 


< 

11/ 

IIl| > 

< 

II7 

IIl| > 

< 

f II 

fhl , 

< 

55 

Wahl 

< 

^ 11 

fhi . 


Proof that Proposition \ 7. ij| implies Proposition 1 7. j[ This is a simple matter, and we 
explain it briefly. Notice first that it suffices to prove Proposition 17. II on the scale 
A = 1 because everything in sight is scale invariant. We now let (/i, ffi) be any pair 
of unit frequency initial data, and we define the approximate unit frequency wave 
propagator: 


Here Pi is defined to be the cutoff on line irmdli which is also chosen large enough 
such that Pi(/i,gi) = (/i,ffi). From the boundedness of the Pi multiplier, the 
estimates (I171all and (tTTTB . the frequency support of the adjoints, and the dualized 
^ P| estimate contained in itTTTall . we easily have that the operator (tTTa obeys 
the estimate (I155all . Next, notice that by applying nriHii with a = 0 and a = —1, 
and using the unit frequency condition which implies the boundedness of 
we have the estimate (dig. Furthermore, by using estimate itTTia in conjunction 
with rpfbi . where this time we use the indices a = 0 and a = 1, and using the 
boundedness of (—A) 2 at unit frequency, we have the second accuracy estimate 
HI .15cll . Therefore, it remains to show that we have the error estimate (1155dll . By 
the estimate (tTTra and by again making use of the dual adjoint bound, 

we are reduced to proving (operator) commutator bounds of the type: 

f II^IIli . 

Using the commutator estimate (P|l in conjunction with the parametrix bounds 
(I171al) - (ll71bll (this is where the extra bound on the gradient comes in), this reduces 
to showing the two bounds: 


(173) 

(174) 




< 


•<i 

^x[A,^i,A,^i]\\lI{L'^) ^ 


A. 


<1 






The first estimate follows easily from integrating the following Besov and low fre¬ 
quency Besov nestings: 




2(n-l) 

n-3 




) C B, 


C L^- 
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The second estimate follows as easily from first distributing the derivative and then 
integrating the two low frequency nestings: 






) I -P»<l(^2 


2(n-l) 




B 


00.(2.t) 


C L° 


This completes the proof that Proposition [^| implies ProDOsition l7.ll 


□ 


8. Construction of the half wave operators 

We now begin construction of our approximate solutions to the reduced co¬ 
variant wave equation This will be accomplished by integrating over a 

collection of gauge transformations designed to eliminate the highest order effect 
of troublesome term In order to understand what such a gauge transfor¬ 

mation should be, we begin with a simple calculation. We consider the covariant 
wave equation where the connection “I? = d + ‘^A will be determined in a 

moment, acting on a vector valued plane wave Here / is a constant 

complex valued matrix in C 0 o{m), and the are the standard plane wave 
optical functions: 

Cl) ”1” _L I Cl) — _l i 

U = t + UJ ■ X , u = —t + W ■ X . 

In particular, where the are the associated null hyper¬ 

surface generators: 

= Vt-|-W-Va;, “L = —Vt-faj-Vj;. 

With these identifications, we easily have the calculation: 

(175) • (47ra[“^(“L=F),/] ■ 

Using the heuristic® that terms of the form and are lower order, 

and splitting the potentials {"^Aa} into the sets {‘^A^} associated with the optical 
functions ‘^u± (resp.), we see that in order eliminate the highest order term on the 
right hand side of UZS) would need to assume this connection is in the backward 
(resp. forward) uj-null-gauge: 

(176) “H+(“L-) = 0, “A-(“L+) = 0. 

Of course, it is not possible to assume that a given fixed connection will simultane¬ 
ously be in the null-gauge for every direction uj. However, it is more or less clear 
that since these gauges are of Cronstrom type, it is always possible to transform a 
given connection so that it is in the null-gauge for a fixed direction. This motivates 
the following form of an approximate solution to 

(177) $±(7)=/ “5±i7(Aa;)“5± X(i2)(A) , 

jR" 

where X(i 2 ) is a smooth bump function such that X(i 2 ) = 1 interval [2“^, 2] 

and such that X(i 2 ) = 0 outside of [4“^,4] (the variable width assumption of 
Proposition o can be achieved with similar bump functions). Here, the gauge 
transformation: 

(178) d(“g±i) , 

^For those who are familiar with this kind of problem, this is precisely a reduction to the 
famous Low x High frequency interaction 
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will be chosen so that approximately satisfies It seems that there are 

in fact many choices of how to do this, although the naive choice of letting 
satisfy (ITTHll directly by solving the appropriate transport equations® leads to group 
elements with poor regularity properties. Therefore, the procedure for arriving at 
the correct choice deserves some motivation. 

The heart of the matter is two-fold. First and foremost, we need to come up 
with a construction that gives us explicit formulas so that we may perform certain 
standard calculations on the integral ilTTTIi . In particular, we will need to perform 
integration by parts with respect to the variable u. Since G is assumed to be non- 
abelian, and since we will not be able to localize things to a neighborhood of any 
fixed point on the group^, this is actually a non-trivial matter. For example, it is 
not possible to do this directly through a use of the exponential map because we 
would run into trouble with conjugate points. 

Secondly, we will need to replace the transport equation which defines the naive 
pure null-gauge transformation, with something that has more “elliptic” features. 
That such a choice is possible is, strangely enough, determined by the fact that the 
connection is not arbitrary, but instead evolves according to a hyperbolic 

equation. This is taken into account by condition (I122ell . This kind of structure 
seems to be ubiquitous in geometric wave equations, both semi and quasi-linear, and 
the observation that it makes the crucial difference goes back to work of Klainerman- 
Rodnianski on quasi-linear wave equations [^. The particular form we will use it 
in here is almost identical to that of [5], but since everything we do is non-abelian, 
the derivation will seem a bit different at first. 

The first observation we use is that just like the Cronstrom gauge, the null-gauge 
allows one to recover the potentials directly from the curvature. However, since we 
aim to derive an (sub)-elliptic equation, we do not do this by simply integrating 
along null directions. Instead, we write: 

(179) . 

Making now the approximate assumption that the {“5^} are simply a solution to 
the scalar wave equation □ = Vq,V“, which we write as: 

(180) □ = , 
the identity (ITTnii can be written in the integral form: 

(181) . 

Here A^^j. = A — is the Laplacean on the plane perpendicular to the uj direction 
in R". We would now like to make cm) our “choice” for the gauge transformed 
connection on the right hand side of ilTTHli . For example, even though it was based 
on the approximate assumption the {^B^} satisfy the scalar wave equation, it still 

®This would end up being the usual a frequency based Hadamard parametrix for the operator 

□ a 

— ••Cl 

^This is an artifact of the critical nature of the problem. Specifically, the group elements have 
the heuristic form = exp(V“^^fyl). Since we do not have L°° control on we cannot 

localize its image. 
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respects the null-gauge (tTTHll simply by the skew-symmetry property of the curva¬ 
ture. Unfortunately, (tnmi has several undesirable features. Firstly, we would like 
an expression which involves the curvature of not the curvature F ^ . 

Secondly, the sub-Laplacean on the right hand side of this expression needs to be 
smoothed out in some way so that its dependence on the angular variable ui is not 
so rough. 

To get around the first of these problems, we simply pretend that the various 
differential operators on the right hand side of (tTFTll are gauge covariant. Assuming 
this and then conjugating both sides of that expression by moving these group 
elements past the differential operators on the right, and throwing away quadratic 
terms from the curvature while assuming that the reduced connection A satisfies 
the usual homogeneous wave equation, we are left with the approximate identities: 

To get around the second problem, we mollify the angular variable of the second 
term on the right hand side of this last expression. Doing this and looking back on 
the definition we see that we would like our group elements to be such that: 


(182) . 
Here we have set: 


(183) 


0 < 7 «C (5 <C 1 , 


where 7 is our small all purpose constant from line m above. Now the problem is, 
of course, that right hand side of the above formula does not in general represent a 
flat connection. However, as one can see immediately, its curvature is small in some 
sense because it is a quadratic expression. At this point, the problem now looks 
essentially like what happens for wave-maps® (see e.g. and [5]). In particular, it 
is clear that the right way to define the group elements ‘^g± so that the approximate 
formula (IT^ holds is to flatten out the right hand side of that expression as much 
as possible by using the potential version rO of the Uhlenbeck lemma. Therefore, 
what we need to do is to show the fixed time estimate: 

(184) II A.«i(5<.) lUn < £ , 


and then assume that S is chosen small enough to that we may use it as the constant 
in ( 1 ^ . Because of its utility in the sequel, we will in fact prove the more general 
estimate: 


(185) 




’i*AyA.«i(5.)|i < £ 


where is a dimension dependent Lebesgue index which we set to: 


(186) 


P7 


2 (n- 1 ) 
71 — 3 — 27 


Sit is very much our philosophy here that this problem is essentially equivalent to wave-maps 
after a microlocalization. Of course, as the reader will see, this microlocalization is quite costly 
and introduces many objects that are not present in the original wave-maps problem. 
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Here 0 < 7 ^ 1 is again the all-purpose constant which we have fixed in section 
12 to be small enough so that it is compatible with its use here. Notice that 11 8511 
implies the estimate (tTMl thanks to the embedding m and the fact that for 7 
sufficiently small there is plenty of room in the inequality p-y < n. 


Now, because the norm ^ ^ is based, by orthogonality and the L°° {H ^ 

estimate contained in the bootstrapping assumption 1122 dll . we see that in order to 
conclude (dill it is enough to show the fixed frequency estimate (note that there 
are no high frequencies here): 




< 






Decomposing the spatial frequency variable into fixed dyadic angular sectors spread 
from the direction oj: this estimate further reduces (after dyadic 

summing) to being able being able to prove that: 

(187) II (H.«i)4aj iUp, < (H.«i)^ |U. . 

We are now almost at the point where we can apply the angular Bernstein inequality 
(dJ directly, because in the current localized setting we have the symbol bounds: 

(188) 5|,|<|j|P^ « e-^P^ , 

where we are enforcing the heuristic notation introduced on line d)). However, 
since Bernstein only nets us a savings of: 


in this context, we need to be a bit more careful in order to gain an extra power of 9. 
This is provided by the fact that the potentials are in the Coulomb gauge. 

Notice that if say, -^ < 9 there is nothing to worry about and we have estimate 
(II8711 without any problem. On the other-hand, if it is the case that 9 < then we 
can use the fact that is elliptic (in terms of symbol bounds) in conjunction 

with the gauge condition d* = 0 to write: 

(189) “n,H.«i(a.) = ^ o^6A,«i- 

Here Hi® induced connection (angular portion) on the hyperplane 

perpendicular to to, and ^ is the associated divergence. We note here that this 
identity will turn out to be very useful and will be used many times throughout the 
sequel. With these extra savings in mind, an application of Bernstein now directly 
yields the desired estimate (HHzj- 


We have now constructed the infinitesimal group elements ‘^g± in equations (tTTHIi . 
which is explicitly defined by the formulas dJ in Lemma o applied to the con¬ 
nection: 

(190) . 

This has the pleasant effect that we will never need to explicitly refer to the con¬ 
nection {^B^} in line fT7a . We can calculate the conjugated right hand side of 
that expression to be: 

(191) = A.«i - , 
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where we have set: 

(192) "g±^d[^g±) = . 

Using the formulas ED, we have the following expressions for the spatial compo¬ 
nents 

(193a) = d* , 

(193b) . 


In order to compute a formula for the temporal potential “Cq , we 
fact that F ^ =0 and the formula <193bll which together imply 


simply use the 
(by computing 


(194) 

where we have: 




'^A^ = -‘id 






We remark here that the importance of the system of equations (ll93all - (nMll is 
that they give the following decomposition of the infinitesimal gauge transformation 

(195) + {Quadratic Error} . 


The linear term in the above expression is enough to kill off the worst error term 
when differentiating the parametrix (1T77II . It should be noted that this linear term 
is precisely what one gets more directly in the abelian case studied in 1^. We should 
also point out here that the quadratic error on the right hand side of (I195II above is 
much more delicate than the quadratic error resulting form the cancellation involv¬ 
ing the linear term in this expression. In order to control this, we will need the full 
force of the orthogonality properties of our parametrix, which are contained in the 
bootstrapping assumption (I122dll . as well as some rather technical function spaces 
and multilinear estimates which we will develop in Section El 

To close out this section, we apply the truncated covariant wave operator 
to the parametrix (tTTTji and record the various error terms which result. We gather 
this together in the following proposition: 
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Proposition 8.1 (Error terms for the differentiated parametrix). Consider the 
parametrix d)^(/) defined by the formula 117711 . with infinitesimal gauge transfor¬ 
mations given by equations Then one has the identity: 


(196) 


= 47rz 




, '^gX f{\u^rg±\ X(2-i.2)(A) X^dXdw 




g2.a“.± ^ “5i'7(At^)‘"5±] X(2-.2)(A) X^-HXdu 


‘2T:iX'^u^ 


l“«i - (“C±)“ , [(2l.«i)a , -gf}f{Xu:rg±\ X(2-,2)(A) A' 


Remark 8.2. The worst error term in the expression is of course the “derivative 
fall on high” term which is the first on the right hand side. However, using the 
structure equation I122ell . this takes the form: 


(197) H.«i(-LT)-“C±(“LT) , 

= A,^i{dui) + /X~]_ + {Quadratic Error} , 

= (7 — + (Quadratic Error} . 


The key observation now is that since the operator (/— cuts off on such a 

small angular sector with respect to the spatial frequency, an application of Bern¬ 
stein’s inequality gains enough extra spatial derivatives to put this term in the 
mixed Lebesgue space L^(L"“^). Furthermore, the quadratic error term which is 
left over involves enough bilinear interactions to go in L^{L°°). So in this sense, as 
we have mentions before, the problem reduces to something which is reminiscent 
of wave-maps. Of course, there is a somewhat heavy price to pay for this “renor¬ 
malization”, which is that it must take place under an integral sign. Finally, it is 
worth pointing out that this top order cancellation is completely analogous to what 
happens in the abelian case |H|. 


Proof of the error identity (tnSll . The proof is a simple consequence of using gauge 
transformations in conjunction with the identity Applying the truncated 


^dXduj . 
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covariant wave operator, and differentiating under the integral sign, we see that: 

Oa , 

= / “5i'7(Au;)“5±) X(2-,2)(A) X^-^dXdu; , 

= [ 7(Ac^)) X(2-h2)(A) A^-idAdoj , 

Jr^ ^ ^ 

= [ (4^*A[“i?±rLT), f\ + [“i3±“, /]) “5± X(2-,2)(A) A""' dXdco , 

= 4m [ A"-i X(2-i.2)(A) dXdco 

JR^ 

+ [ , “gi7“5±] A"-i X(2-X2)(A) dXdco , 

= 4^* / [2i.«iri^) - “C±rLT) , “fe7“5±] A"-1 X(2-.2)(A) dAdu; 

JR^ 

- [ [V«rC±)“ , “gi7“5±] A^-^ X(2-^2)(A) dAdt^ 

JR^ 

+ f [U.«i)a -‘^C± , V“ (-ffi7"5±)] A’^-i X(2-X2){A) dXdu; 

JR-^ 

+ [ [ U.«i)“ , [(2i.«i)„ - “C± , “5i7‘"5±]] A'^-i X(2-X2)(A) dAda; 

jR" 

= ('L.H.S.' KIlhtill . 

Notice that the equality on the last line follows from: 

V / UJ — 1 r CJ A — 1 X LJ LJ/^^ 1 

a [ g± f 9±} = [ 9± f 9± , \ , 

which is a consequence of line (irna above, followed by the Jacobi identity: 

[ (2i.«i)“ - rc±)“, [ -5i7“5±, ] ], 

= - [ - rc'±)“, -9±r9± ] ] 

- [ ^9±r9± , [ “c'±, - rc±)“ ] ], 

= - [ “C-i , [ - rc±)“ , -9±f-9± ] ] 

- [ [ (2i.«i)„, rc±)“ ], -9±r9± ] ] ■ 

This completes the proof of llTO . □ 


9. Fixed Time Estimates for the Parametrix 

We now begin our proof of the estimates nmi for the integral operator itTTTI) 
introduced in the last section. Here we cover bounds which are of non-differentiated 
energy type. Specifically, we will show the undifferentiated L°°{LF‘) estimate con¬ 
tained in llTlall . as well as the multiplier-approximation bound llTldll . Both of 
these will follow from the same set of estimates. At a heuristic level, they are not 
much more involved that a standard TT* argument followed by some integration by 
parts, although the details turn out to be a bit involved. Things will be computed 
more or less directly by an appeal to the explicit equations taking a 
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little bit of care to use them properly. This will be done by considering them as 
“path lifting” formulas from Minkowski space Af" to the compact group G. This 
allows us to employ an integral form of the intermediate value theorem from ele¬ 
mentary calculus which is valid in the context of Lie groups. It turns out that this 
identity can be differentiated as many times as necessary with respect to the angu¬ 
lar frequency variable, although this fact is provided through a surprisingly delicate 
bootstrapping argument. Here the unitarity of the group is needed in a crucial way 
to keep everything from collapsing. Once the bootstrapping is complete, the esti¬ 
mates themselves will be proved using a “trace-Bernstein” type inequality that we 
construct by hand using various multipliers. Once the integration by parts portion 
of things is taken care of, we will close the estimate by showing that a “non¬ 
smooth” remainder kernel has small amplitudes after integration in the angular 
frequency variable. This involves some fairly technical bilinear estimates because 
the necessary othogonality arguments are difficult to pass through Hodge systems. 
The details of these procedures are as follows. 

Throughout this section we will replace the specific cutoff function X(^. 2 ) s-P" 
pearing in the definition of parametrix (ITTTIi with an arbitrary smooth scalar 
bump function xiO that we may assume to be supported in the frequency an¬ 
nulus {4“^ < 1^1 < 4}. At fixed time to, we define the operator T{f) = $(/)(to), 
where we have suppressed the ± notation because it will be irrelevant for what we 
do here. Our first goal is the prove the bound: 

(198) l|T(/)|U. < ll/IU. . 

Squaring this, it suffices to show that (here / has no relation to / and simply 
represents a function of the physical-space variables): 

(199) iim/)iiL^ < ii/iil= , 

where the adjoint T* is taken with respect to the Killing form m- A quick 
calculation of the kernel of this operator shows that: 

( 200 ) K^^\x,y) = [ e^-^^^-y>i-g-\xrg{y)[.]-g-\yrg{x)x{Od^ , 

jR" 

where we use the [•] notation to emphasize the fact that this operator acts via 
conjugation. Our task is now to show the estimates: 



Since is essentially symmetric in {x, y), we may concentrate on the first such 

estimate. 

To proceed, we first decompose the product physical space M" x R" into the 
dyadic regions: 

(202) = {|a; - 2/1 ~ cr I cr = 2* , i e N} . 

We then decompose the kernel TT* kernel into the dyadic sum: 

= E = E ■ 
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By dyadic summing, to show (EHTll it suffices to be able to show the single estimate: 


(203) 

where 0 < 7 <C 1 now represents a small savings in physical space decay. Now ll^ 
would be easy to show if we had the absolute decay estimate: 


and this is almost true. Unfortunately, there is a regularity problem due to the 
degeneracy of the sub-Laplacean used in the connection (| 11 ^ which provides 
the group elements “ 5 . This forces us to write the kernel as a sum of two 

terms: 


(204) • 

We will then prove that both: 

(205) |i?r*(a:,y)| < , 

(206) ^ • 


To define the splitting lEm, we factor the group elements “g into a product 
of smooth and small parts. This is completely analogous to the procedure used 
in 1 ^, but since things are non-abelian (and hence non-linear) here, the estimates 
required are quite a bit more involved. What we will do is construct another gauge 
transformation “g, which is based on a further smoothing of the connection (Cnni). 
This will produce a group element which can be treated as a standard symbol. To 
this end, we define the scale mollified connection: 

(207) “2") = A-lA.«i(9^) , 

where 7 is, again, the small dimensional constant from line (IT^ . Again, we have 
dropped the ± notation because it is irrelevant. Following the proof of and 

using the fact that the multipliers “IIo— 1 + 7 <, are bounded on frequency localized 

Lebesgue spaces, we may apply Lemma |^21 to the connection This pro¬ 

duces a group element “ 5 , which is defined by the infinitesimal generator: 

(208) ^ . 

Furthermore, this generator is itself defined via the Hodge system: 

(209a) 

(209b) . 

Using this new group element “ 5 , we define the remainder group element via the 
product: 

(210) “g = . 

To compute the infinitesimal generator of ‘^h, we first use the identity: 

d{^h) = d{^grg~" +gd{^g~") , 


(211) 
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This leads us to define the difference connection: 

( 212 ) ^ ■ 

A quick calculation using the systems and shows that this new connec¬ 

tion can be pinned down via the Hodge system: 

(213a) +fd,^]) , 

(213b) (‘^)°^ = -t , 

where a simple computation shows that: 

(214) A-i A.«i(9^) , 


We now define the decomposition (HH) along the following decompositions of 
the group element products in the kernel (HH): 

(215) “5”^(a;)“ff(2/) = ‘^g ^ix)%iy)+% ^{x) {^h~^{xYh{y) - , 

(216) ^g-\yrg{x) = ^g~\y)%{x) + %~\y) [^h-\yrh{x) - /) %{x) . 
Accordingly, we define: 

(217) K'^'^\x,y) = f ^{xYg{y)[^]‘^g ^{yYg{x) xiO , 

and then define according to the formula iini- The idea now is that while 

one can only perform integration by parts in the kernel ETTIl above, the group ele¬ 
ment {xYh{y) and its inverse, which must be contained as at least one factor 
in the remainder, are so close to the identity matrix that the resulting difference 
expression can be estimated without use of the oscillations which take place under 
the integral sign. 

We now begin our proof of the estimate (Ena . To do this, we simply integrate by 
parts as may times as necessary with respect to the variable ^ in order to pick up the 
needed point-wise decay. Doing this, we see that in order to draw our conclusion, 
it suffices to show the following symbol bounds for 1 ^ k: 

(218) II yl{^g~\xmy)) II < £ • , 

(219) II Vl{Y)-\y)Y){x)) II < £ • . 

In fact, we shall prove the following more general bounds, which contain (EHl- 
(ETn|l as a special case, and which will be useful in the sequel: 


Proposition 9.1 (Symbol bounds for the smoothed amplitudes “g ^ {t,xYg{s,y) 
and “5 {s,yYg{t, x)). Let the group elements ‘^g be defined infinitesimally by the 
Hodge system (Eonj, where the parameter a is replaced by M ^, where M lies 
in the range: 

( 220 ) 


(|t - s|-k |x-?/|)2 < M < |t - s|-k |x - j/|. 
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Then for any integer 1 ^ fc, one has the following symbol bounds assuming that the 
bootstrapping constant £ from line is chosen sufficiently small (with respect 

to each fixed k): 

(221) l|V|(^-\i,x)-g(s,y))|| < £ ■ M\ 

( 222 ) \\^l{%~\s,ymt,x))\\ < £-M’^ . 

Here the notation is shorthand for all order partial derivatives involving the 
variable f, and || • |j is the standard matrix vector-norm from line dia. The implicit 
constants on the right hand side depend on k, hut are uniform in the parameter M 
for each fixed k. 


Proof of the estimates It suffices for us to prove the first bound 

as the second follows from virtually identical reasoning. The goal is to reduce this 
via an ODE bootstrapping type argument to an associated estimate involving the 
connection {“C}. This associated estimate will then be proved by another boot¬ 
strapping argument in certain mixed Lebesgue-Besov spaces naturally associated 
with the ODE problem from the first step. The goal of the second bootstrapping 
will be to reduce things to proving the Besov estimates for the connection 
which appears as the linear term on the right hand side of the Hodge system (EOlaJ. 

Before proceeding, we first make a preliminary reduction on the product ^g ^ {t, x)^g{s 
We would like be set up as to only have to handle products which involve the same 
space or same time variables. This is easily accomplished via the product decom¬ 
position: 

(223) “g ^{t,x)^g{s,y) = “g ^{t,x)‘^g{t,y) ■ ^g \t,y)‘^g{s,y) . 

It is clear that if we can produce the bounds for each of the terms on the right 
hand side of separately, then by the product rule for derivatives we have the 

estimate for the full term. Since they require slightly different arguments, we 

will proceed separately for each of these two factors. 

Our first task is to prove the bound (1^ for the spatial product “g ^ {t, x)‘^g{t, y). 

This will be done inductively with respect to the value of k. Since we will proceed 
via a bootstrapping type procedure, we first assume that we can prove the desired 
bounds over small intervals and then try to use this knowledge to extend things to 
longer intervals. To do this, we differentiate the product “g {t,£)‘^g{t,y), where 
[y,£] is some shorter line segment inside of [y,a:], with respect to the operators 
(M“^V^)^. This yields the equation: 

(224) {M-^V^)>^{^g-\i)^g{y)) = 

k-1 

Y, (M-iV5)'=-*(“V'(^)‘^5(a^i)) •(M-iV5)*(“g-'(xi)“g(g)) 

i=0 

+ ^{£Yg{xi)) ■ {^g ^{xiYg{y)) . 

In the above identity, we have dropped the dependence on time as it no longer 
has any bearing on how we proceed. Also [a;i,^] denotes an even smaller interval 
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embedded in the overall bootstrapping line segment We will let this smaller 

segment go to zero. Before doing this, we collect the last term on the right hand 
side of 122411 onto the left, apply the matrix norm (CSJ and the reverse triangle 
inequality, and use the isometric identity (ESI) to arrive at the bound: 


(225) 




{M ^{xi)‘^g{y)) \\ 




E 


\ergixi))\\-\\{M-^W^y{‘^g \x^rg{y)) \\ . 


We now divide both sides of this last expression by the small interval length |aii — £| 
and let the resulting expression go the limit xi —>■ i. To compute this, we only need 
to handle the expressions: 

(226) hm \x,-£\-^ ■ || {^g-\e)%{x,)) || , 

x\—yt 


where we have the important restriction 1 ^ k — i. We do this by using the 
fact that the gauge equation (EHI) gives us an explicit realization of the product 
“5 {^)‘^9{xi) as an integral over the interval [xi,£]: 

(227) ^g~\erg{xi) = / -g~\x,rg{s) -C„(,)(s) ds + I . 

J X-]_ 

Here the a(£) index denotes the component of the connection {“^C} in the direction 
of the line segment [y^x]. Plugging this last expression into the limit 122611 and 
using the fundamental theorem of calculus on the resulting identity we arrive at 
the simple equation: 

(228) mB = II (A^-'V 4 )'=-*(^„(,)(£)) II . 

Notice that the identity matrix on line drops out because of the condition 

1 ^ k — i, and that all terms where the derivatives fall on the group elements are 
zero because when Xi = i these are again just derivatives of the identity matrix I. 
Now, substituting 122811 into the limiting version of 122511 we have the differential 
inequality: 


(229) ||(M-iV5)'=(-g '(f)“5(y))ir 




k-1 


^ II (M-iVj)'=-*(“C„(,)(€)) II • II (M-iV5)*(“g \irg{y)) || . 


2 = 0 


Assuming now that we have proved the inductive bound: 

sup \\{M-^V^T{‘^g-\£)%{y))\\ < 1 


which is easy when fc — 1 = 0 on account of the compactness of the group 0(m), 
we see that by integrating the expression || (M“^V{)^(‘^g ^{£)‘^g{y)) ||' the proof of 
(ESI) at the step boils down to being able to establish the line integral estimate: 
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The reason this bound will be possible is that we have taken care to make sure that 
there is always at least one copy of the operator in each of the above 

integrals, and it is the presence of the extra factor M~^ in conjunction with the 
range restriction that will be enough to provide the needed integrability. In 

fact, using the condition that M~^ ^ |x—j/|“ 2 and the Cauchy-Schwartz inequality, 
we see that it suffices to be able to prove the bound: 


(231) 





f dl < . 


This last integral can now be bounded in terms of energy type estimates once one 
applies the L°° trace theorem to it. However, because of the various angular 

degeneracies involved in the potentials {Vj^C}, it will be necessary for us to use a 
more refined “trace-Bernstein” type inequality. Furthermore, since the connection 
is only defined implicitly via the Hodge system (120911 . it will be necessary for 
us to prove estimate (l^lTTll via a bootstrapping argument in mixed Lebesgue spaces. 
What we will do is to show the following somewhat more restrictive estimate which 
yields as a consequence: 


Lemma 9.2. Let the connection {“C} be defined via the Hodge system 120911 ; 
(232a) = d* , 

(232b) . 

where we have set: 

(233) = -V, "L A-iH.«i(9^) . 

Furthermore, the parameter M~^ which lies in the range 122011 (although this is not 
essential). Then the following mixed Lebesgue space estimates of Besov type hold: 

k—1 

(234) E E II P,{^) (...) < 5 . 

2=0 


Proof of estimate (1^ . Things will be a bit easier if we prove the following more 
restrictive estimate: 

fe-i 

(235) ^ li-yiFpiT II (M-iy^)* P^{^) ) < £ . 

2=0 /i 

That 123411 is a consequence of (ESHl is a simple matter applying the Minkowski in¬ 
equality for mixed Lebesgue spaces and the fact that the weights in 123511 are clearly 
more restrictive. Now, the proof of this second estimate is essentially no more com¬ 
plicated than using the Bernstein inequality in the hyperplane plane to turn 

things into the energy estimate contained in the bootstrapping norm 1122dll . To 
see this, we begin our proof of by first establishing this bound for the reduced 

Coulomb potentials 
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We are now trying to prove that: 
fc-i 

(236) E E E ^■'^(1 + m)” I! Vf < f . 

j—0,1 2—0 fj> 

For each fixed frequency in the above sum, we decompose things into all frequencies 
corresponding to the plane, as well as all possible dyadic angular sectors 

spread from the uj (fixed) direction: 

Pf. = Y. , 

d,\ : 

where Q\ is an (n — 1) dimensional fixed frequency multiplier which is defined in 
analogy with P\. Freezing all frequencies, our goal will be to show the following 
estimate: 

(237) IKM-W^)* 

By adding in the weights /i“^(l+/x)", using the fact that the potentials are 

truncated to frequencies ^ <C 1 , and dyadic summing, the fixed frequency estimate 
(EiTzli implies with room to spare. To deal with all of the ^ derivatives, notice 
that we have the following heuristic multipliers bounds: 

(238) (M-Wj)* Y ‘^eQxP^.{‘^A^^'>) « 0”' QxPf^iA.^i) , 

where we are enforcing the notation introduced on line (PI- That is, the left hand 
side of the above identity satisfies all mixed Lebesgue space bounds as the right 
hand side with the same constants. Notice that this bound uses the extra Coulomb 
savings introduced on line above to kill off one power of 0 ^ from the degener¬ 
ate Laplacean . The other power of 9~^ on the right hand side of (I238II comes 
from the operator which has no smoothing factor of M~^. This is precisely 
what one pays for passing from the integral (E!Tnii to the more manageable 
integral Oni) . Finally, it is important to point out that although we have not em¬ 
phasized it, the multipliers Q\ depend on w, but the fact that A <C 6 * implies that 
the multiplier product on the left hand side of is zero prevents the derivatives 
of Qx with respect to ^ from costing more than derivatives of Ale (alternatively, we 
could have applied the Qx multipliers on the outside of the Vj operators, because 
differentiation will not change the support of the various multipliers). 

Now, to use the Bernstein inequality on the plane, we simply note that 

one has the multiplier identity: 

(239) ^eQxPf. = > 

where is a (smooth symbol) block type cutoff in the frequency 

plane of dimensions 1 x (^ 6 *) x ... x (/i 0 ) which has its long side centered along 
the projection® of the unit vector lx onto the (frequency) plane. The crucial 

fact about the geometry of the multiplier is that is has support contained in 

a box of size A x x ... x {^9) in the (frequency) plane. Using now the 

®In the case that lo lies perfectly in the £ direction, we will just be wasteful and choose any 
direction. 
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identities (1^ and (1^ . as well as the n — 1 dimensional Bernstein inequality, we 
see that we may estimate: 

(240) II (M-iVe)* ) < 

6»-2 . II PmU.«i) ||l= • 

To deal with the weights on the right hand side, we use the truncation condition 
that ^ as well as the fact that A ^ /i to conclude the bound: 

Substituting this into the right hand side of estimate and using the L°° (H 2 ) 
bound contained in the bootstrapping estimate (I122dll . we have achieved the de¬ 
sired result (EilTIl . 


It is now our task to use (1^ and the Hodge system if^ to pass to the more 
general estimate (ESI- In order to do this, it will be necessary for us to first 
prove some critical estimates for the potentials {^Q}- These will then be used as 
a reference point in certain bilinear estimates involving the space used to define 
estimate ESI- While we’re at it, this will also give us a chance to prove some 
estimates which will be used many times in the sequel. What we will show is that: 


(241) ||(M-1V5)'=“C|| 

-^ 2 , 10 n 

(242) ||(M-iVc)'=V*“C|| 

-^ 2 , 10 n 

where is exponent defined on line 1118(111 above. Both of the bounds iESBi-EEIi 
will easily follow via our general Besov embedding (ESI once we have established 
them for the linear term on the right hand side of the Hodge system (I2:i2ll . That 
is, we fist establish that: 


< f , 

< f , 


(243) II (M-iV^)'^II f , 

^2,10n 

(244) II (M-iV^)'=Vt “HW II < £ , 

^ 2 , 10 n 

These follow from immediately from the steps used to prove above, and the 

following heuristic identity which follows our convention established on line EHI): 

(245) « 0-'= HIe^M-i<.-P mV. “T Ay H.«i(a<,) , 

(246) “T A-lH.«i(a,,) , 

Notice that the space-time frequency localization (I122cll allows us to trade the Vt 
with the factor of p on the second line above. 


We now prove the estimates (I241II - (I242II by proceeding inductively on the value 
of fc. If fc = 0 the first estimate holds because one can solve the system (1^ 
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via Picard iteration in the space ^ thanks to the bilinear embedding ll^ 

which furnishes the embedding: 


(247) 


V,A-' 


2 ) 2 ) 
-°2,10n ■ -°2,10n 


B: 


2 ) 

2,10n 


The key thing to point out here is that for 7 sufficiently small, and in dimensions 
6 ^ n we have the bound < n, which is all that is needed to satisfy the gap 
condition 14711 in this case. The other conditions of Lemma im are also easily seen 
to be satisfied for this set of indices. 


To establish ( 1 ^ for 0 < fc, we simply differentiate the system ( 1 ^ k times 
with respect to the operator Doing this yields the linearized set of 

equations: 


(248) 

(249) 


j=o 

= - 

k ^ 

i=o 


which can again be solved in the Besov space ^ by using the already es¬ 

tablished estimate 124811 for the linear term, in conjunction with the (inductive) 
hypothesis that estimate ( 1 ^ holds for k — 1, and absorbing the highest deriva¬ 
tive (involving (M“^V^) falling on “C) term to the left hand side. All of this is 
permissible by referring to the embedding ( 1 ^ . 


To prove the second estimate ( 1 ^ above, we first apply the time derivative Vt 
to both sides of the system above. The resulting system of equations, 

which we will not write down, can easily be solved in the derivative critical Besov 

space B^^Qn ^ ^ by again using an induction on k, the already established estimate 
(EH for the linear term, and the following bilinear Besov estimate which is again 
a special case of (gSJ: 


(250) 


V,A-i 


2 ) 2 ) 

-°2,10n ■ -°2,10n 


B: 


2,10n 


Notice that ( 1 ^ is permissible because for 7 sufficiently small, we have the con¬ 
dition ^ in dimensions 6 ^ n which is necessary to get around the gap 

condition (HTI) . The other conditions of 103) are easily satisfied for this choice of 
indices. 


Armed with estimates ( 1 ^ and EUl), we now move back to the proof of estimate 
ESI- We set the norm in that latter bound equal to: 

II ^ ^ d- "’’(1 + M)"' II -f(Ll(^) llL2(i^) . 

By differentiating the system I282II with respect to the operators we 

see that the claim will now follow once we can prove the bilinear Riesz operator 
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bound: 

(251) ^ . 

We now let A and C be any two elements of the two spaces on the left hand side of 
(ECTl . By applying the trichotomy, we see that it suffices to be able to prove the 
three estimates: 


(252) 


(253) 


(254) 


E a-^(i + a)" 

A./j-i : 

A~/J.2 


E A-^(l + A)" 

A./J-i : 

A~/ii 


E A-^(l + A)" 

A,/i-i : 


^ 2 , 10 n 

V,A-1Pa(P^, 24.P^,C') L2(i=.) < 

M II • II C ||_^-^, 2 .oo , 

^ 2 , 10 n 

V,A-1Pa(P)2,24.P^,C') |U 2 (i=.) < 

Mil lie 11^-.,2,. . 

^2,10n 


The proofs of 12S3)“(|2S3 are very simple, and follow from essentially the same 
principle. First of all, we use the fact that the kernel of the fixed frequency operator 
A • Va; A“^P;^ is in with norm independent of A. Thus, it is bounded on all mixed 
Lebesgue spaces. This, used in conjunction with the estimate: 


(255) 


E A-i ||P^MIU» < Mil..,,(2.^) 

/il : ^ 2 , 10 n 


which follows easily from Bernstein’s inequality and dyadic summing, is enough for 
us to conclude the first estimate (1^ . To conclude the second estimate, (1^ , we 
simply employ the fixed frequency version of (I255II and then estimate: 

H A-uip„ciL.„-, = y; 

Am 2 : A,/i2 : 

M 2 ^A fl2^X 

= E ^2^ IIMC'IIlKa”) • E (y) ’ 

M2 A : 

M2^A 

< MM-.,2,=. . 

We now move to the last estimate (1^ . This is only slightly more complicated 
than what we have already done. Here we will only bother to estimate things for 
A < 1. The case where 1 ^ A is much easier due to the extra smoothing in the 
norms we are working with and is left to the reader. As a hrst step, we freeze 
all frequencies and decompose Pa = V • QaPx, where Qa is again the fixed 

CT^ A 

frequency cutoff in the frequency plane. Using Bernstein, this allows us to 


estimate: 

(256) 
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< ^ \\Q.iP^,A-P^,C) , 

(T : 

cr^A 

< ^ A-i-W , 

<7 : 

cr^A 

By using Holders inequality and rearranging weights, and using the index bound: 


Pj 

which follows on account of the fact that 7 <lf 1 and we are in n ^ 6 dimensions, 
we see that we have the fixed frequency estimate: 

(257) M . 

We are done once we deal with the first factor on the right hand side of the above 
inequality. To do this, we run a multiplier decomposition P„, — a ■. Qa-Pn ,, 

where this time Qo- is a fixed frequency cutoff on the line. Using Minkowski’s 
integral inequality and Bernstein on the real line, we estimate: 

Pi ^ II ^ II IIl^2(-Z"”) ’ 

(7 : 

= II II • P7,(2,Ii^) ■ 

^2 

Plugging this last bound into the right hand side of ( 1 ^ and summing over all 
A < Pi, P 2 yields the bound as was to be shown. This completes the proof of 
the bilinear estimate lOni) and hence the proof of lEMI)- □ 


To wrap things up here, we need to prove the symbol bounds for the 

second factor in the product ( 1 ^ . By repeating the steps which started on line 
(I224II and culminated in the differential inequality (122911 for this term, we arrive at 
the temporal differential inequality: 


(258) ||(M-1V5)'=(-5 '(^)“5(s))ir 


€ 


k-1 


II (M-iV5)'=-*(“C'o(f)) II • II (M-1V4)*(-5 'mis)) II , 


i=0 


where this time i denotes a single variable which lies in the range s ^ ^ t, and 

“Co is the temporal potential which is defined via the equation: 
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Via integration in time of the quantity || {M ||', and keeping 

in mind the derivation of the temporal potential equation (Unu above, we see that 
to prove the estimates ( 1 ^ for the product {t)^g{s) it sufhces to show (the 
same estimate works to establish 1223): 


Lemma 9.3. Let the temporal potential Cq he defined via the elliptic equation: 

(259) ^0 = , 

where the spatial connection {“C} is defined via the Hodge system (I232II . and where 
we have set: 

(260) - 4 "^) = - Vi "L A4^.«i(5^) , 

The parameter M~^ which lies in the range (122011 (this is essential). Then the 
following mixed Lebesgue space estimates of Besov type hold: 

k 

(261) E E II P4^o) llL~(Lj[s,t]) < f • 

i—1 fi 


Proof of the estimate (t^ . As with the proof of (EMIl above, it will be convenient 
to prove the somewhat more restrictive estimate: 

k 

(262) E E + ^)” II P^i^o) WlIIsMlt) ^ ^ ■ 

i—1 fi 

This will again be done by essentially proving that this estimate is true for the 
potentials contained in the right hand side of I259II . and then transferring 

that knowledge to “Cq through that elliptic equation. A little care needs to be taken 
in this regard due to the effect of bad High x High ^ Low frequency interactions 
coming from the A^^ in the second term on the right hand side of (I259II which 
sits by itself because the time derivative must be distributed. This all needs to be 
tempered against the fact that we need to recover enough in the low frequencies 
to apply Lf{L‘^) Strichartz estimates to integrate over the line segment [s,t]. The 
Lebesgue exponent which is important in this regard is the following: 


(263) 


q~f 


2 (n- 1 ) 
n — 5 — 27 


The significance of q.^ is that it is the smallest Lebesgue exponent such that one can 
recover an extra angular weight of via running Bernstein from the Strichartz 
endpoint and still have an extra factor of 6'^ to spare for dyadic summing. 


We proceed with our proof of by first establishing a fixed time estimate. 

Notice that the Besov norm BY'wu ^ embeds into the spatial norm on the left 
hand side of (I262II . Thus, our first step will be to establish the following fixed time 
estimate for 1 ^ fc: 

(264) 

k 

|l(M-iV4)'=-Co(to)|L=o,(2,t-.) < E ll(^■'V^)*“AW(^o)IL,.,(..t-2.) , 

-^l,10n -“2,10n 
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where is the full space-time connection defined on lines (I2ddll and (I260II . 

The important thing about estimate ll^ is that we retain at least one copy of the 
operator on the right hand side so that we may pass to an integral 

via Cauchy-Schwartz. Our proof of (EMIl require that the bootstrapping constant 
£ from line (I122dll is sufficiently small. Based on previous work, our task here is 
largely finished. Our first step here will be to differentiate the equation (I2ti2ll as 
many times as necessary with respect to the operators Doing this and 

distributing the time derivative in the second term on the right hand side yields 
the equation: 


(265) “Co 


k ^ 

i^O 

k 

i=0 

Ti + T 2 + Tg . 


Our second step is to prove the intermediate estimate: 


(266) II ^C'o(to) ||^»,(..t-u 


< 


(M-iV5)'=“'AW(to)||.,..(2,t-2„ + ^ |i(M-iV5)*“C(to)|L,.,(2,t-., 




+ ^ II (M-iy^)* vc 0 io) II .< 


This in turn is a consequence of the three estimates: 


(267) II Till 

-^l.lOn 

II T2 II . 00 , (2,5-^) 

^l, 10 n 

(268) 


< ||(M-iV^)'=“'AW(<o)||.,.,G.t-u , 

-^ 2 , 10 n 

< II (M-iV^)'=“'AW(to) II 

-^ 2 , 10 n 

k 

+ ^ ||(M-iV5)*^(to)|| 

. - -^ 2 , 10 n 

1—1 

k 

+ ^ ll(M-iVe)* Vt‘^(to)|| .,,, 2 .^-,) , 

i=l ^ 2 , 10 >i 


IT 


3 II .= 0 ,( 2 , 5 -^) 


(269) 


< 


(M-^Vj)'= “Co(to) II ^oo,(2,t-.) • II -C{to) II 


+ ^ ||(M-iV5)*“C(to)|L,,.(2,t-u . 


2=1 


Notice that these all combine to give (1^ because the estimate (ElU) in conjunc¬ 
tion with the assumption that £ is sufficiently small allows one to absorb the first 
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term on the right hand side of into the left hand side. The proof of the first 

estimate, ( 1 ^ above is a trivial consequence of the Besov nesting ( 1 ^ . and the 
fact that we allow for an extra power of /i'*' to sum over the low frequencies to turn 
the sum into and sum. 


The proof of H2fi8ll is the most involved, and is why we have been forced to work 
with the exponent q^. There are several cases to consider, depending on whether or 
not the time derivative falls on the term containing at least one copy of the operator 
An inspection of the structure of the Ti term shows that these can all 
be taken into account through an application of the already established estimates 
and and application of the bilinear embeddings: 


(270) 

(271) 


A-i 


2 ) 2 
^2,10n ■ -°2,10n 


A -1 


2 ) 7i>^7’(2,2 v) 

^ 2 , 10 n ■ ^ 2 , 10 n 


B 


oo.(2,f-7) 

l.lOra 


B 


l.lOrt 


A quick calculation shows that one has the needed gap bound (by condition (HTIl 'l: 


„ .1 In 

2 + 7 < n(-^-) , 

97 


for 7 sufficiently small when the dimension satisfies the bound 6 ^ n. For example, 
when n = 6 we have that = ^ + € and = 10 + e where e ^ 0 as 7 ^ 0. Notice 
that there is not a whole lot of room in this. The other condition in TO-CT are 
easily verified in the above estimates. Notice that for the term in T 2 where all the 
{M~^V{) derivatives, as well as the time derivative Vt fall on the linear potentials 

{“A(^)}, we use II241II and the first embedding (I270II above, together with the easy 
bound (which follows from the truncation 1122 cll 'l: 


(272) II 






2,97 ’( 2 , — i) 


to conclude for that portion of things. 


To conclude our second main step in the proof of we need to establish 

the estimate (En3)- To tie things down, we first need to know that satisfies a 
critical estimate similar to (I241II . This is: 


(273) II (M-iV^)*-Co II .,„( 2 ,^) < f • 

^2,10ti 

This in turn is provided through applying the already established estimates (OITl - 
(I242II and 124411 to the equation with the help of the bilinear estimate ii^n 
and the following embedding which follows as yet another special case of our general 
bound (gnj): 


.-1 


B. 


„ /o n —4 \ 

2 ) 

2,10n 


2 ) 

-^2,10n 


pP7)(^’ 2 ) 

-^laon 


(274) 

Armed with the estimate (1273, we can proceed to prove by applying the 

following bilinear estimates to the various terms contained in T 3 : 


(275) 

(276) 


V^A 

V,,A 


pOO,(2,2 7) r>P 7 ’( 2 ? 2 ) 

-^2,1071 ■ '^2,10n 




iP 7?(2! 2 ) zb^T’(2i2 '^) 


2,10n 


B. 


2,10n 


5oo,(2,f-7) 
- g7,(2,f-7) 
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We use the second embedding in conjunction with the nesting ( 1 ^ to derive 

the second term on the right hand side of We note that in estimates (l?75t - 

(ETHIi . it is a simple matter to check the validity of the conditions (BHll - lHinil . We 
leave this as an exercise for the reader. 

To complete this portion of the proof, we need to establish the implication 
This will be done once we can show that (keeping in mind the 
bounds of the form (ITTa i: 

(277) 


E 


II (M-iy^)* -c(to) II 




< 


^ II (M-iV5)*-7w(fo) II t-.) , 

. - ^ 2 , 10 n 

1—1 


(278) 

k 

^ II (M-iy^)* Vi^(to) II < 

i — l ^2,10n. 

k 

+ Yq II (M-iy5)*-AlW(to) II 

. . -“2,1071 

1—1 


Ell 

k 

+ E 


yt-'AW(<o)ll 

^ 2 , 10 n 

ll(M-iy^)* ^(to)IL,.,G,t-.) . 

“2,10n 


The estimate (I?77 Ii is a simple consequence of applying the embedding to 

the differentiated Hodge system while using the already established 

critical estimates (I241II and ( 1 ^ to tie things down. To prove the second estimate 
(ITTHli above, we apply the time derivative to the system (I248II - (I249II . and then 
employ the embeddings: 


(279) 

(280) 


ya,A : B: 
y^A : B: 


2,10n 

T7.(2.^) 
2,10n 


B. 


n97.(2,f--7) 

-°2,10n 

<? 7 ,( 2 , 2 T) 
2,10n 


B 


97.(2.^^- 7 ) 
l,10n 


7797 .( 2 . 2 5 ^) 

^l,10n 


Notice that these estimates have the same small amount of room as (I77nt-(I77T1| 
above when measuring the gap condition lITTI) for this set of exponents. Using 
in conjunction with the already established estimates (EUli-illlU and 
(1213)-lEmi, we may conclude lf?7a when the bootstrapping constant £ is suffi¬ 
ciently small. 


We have now established the estimate (120411 . Integrating this in time, and apply¬ 
ing a Cauchy-Schwartz with respect to the time integration and using the condition 
|t — s| 2 ^ M, we have the estimate: 

fc-i 

(L.H.S.)® < E ll(^■'V^)“ V5-H(^)||^ 7^,,.(.,5_27n ■ 

i=0 > 

Therefore, to conclude the estimate ( 1 ^ . we simply need to prove the bound: 

k-l 

(281) ^ II (M-iy^)* y^ -AiM) II (2,t-.7)N < f . 

1 ^ 2 ,ion j 

At a heuristic level, this estimate is true because there is enough room in the norm 
'^t('® 2 T 0 n ^ verses the bootstrapping norm (I122dll to save precisely ^ — 27 
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derivatives. This, used in conjunction with the truncation condition coming form 

the operator “ 11 ^^ , is enough to absorb the extra angular factor 9~^ produced 

by the unsmoothed derivative Vj. All throughout the calculation, the exponent 
is high enough that the intrinsic angular singularity contained in the potentials 

|u;y^(M)| 120 recovered by an application of Bernstein’s inequality to the end- 

2(n-l) 

point Strichartz spatial exponent L . We spell out briefly the details of this 
procedure as follows: 


Freezing now the frequency and the number of {M derivatives on the right 

hand side of lEHU, and using the bootstrapping condition rr 2 ^ . we see that it 
suffices to show the bound (note that 128111 is already in square function form): 


(M-iVj)* II . < ||P^(A.«,)|| 


2(n-l) 


In fact, after a further localization in the angle, we will show that: 

II (M-Vj)* Vf II PM,«i) 




2(n-l) „_ 1 , 

n-3 


By an application of the Bernstein inequality, and recalling the definition (EHa of 
the exponent this last estimate is a consequence of being able to show that: 


( 282 ) II Vj ‘Ale \ 


K 


^2,10n 

-1 


(2,f-27) 


) 


< 


0-^ II PmU.«i) 




2("-l) 


A)^ 


Using now the heuristic operator bound in conjunction with the Coulomb 

savings and the heuristic symbol type bounds we have the following 

heuristic identity which follows our strict convention (P|l : 


(M-iy^)* Vj ‘Ale P^(“AW) « 0-2 P^(A.«i) . 

Plugging this last bound into the left hand side of and rearranging the Besov 

weights, we have the estimate: 


Vj Ale P^{-A(M)) II ^ 

^H® 2 ,r 0 n j 


< 


\\PM,«i) 




2(n-l) n-c . 

n-3 ^ 

lOn 


) 


The truncation condition that /i^ ^ ^ 0 (note that p. 1) now guarantees that we 
have the bound: 

,i-27\ 


fl2 


0 


< 1 


when 7 is sufficiently small compared to <5. This completes the proof of iEH3), and 
hence ( 1 ^ . which in turn finishes our proof of estimate ll^ . □ 


Having now established the symbol bounds separately for each of 

the two terms in the product (I228II . By using the Leibniz rule for derivatives, these 
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together imply the bounds (|2ni)-iE23i for the full product on the left hand side of 
(1^ . This completes our proof of Proposition 19.11 □ 


We now proceed to prove the second main estimate (1^ for remainder kernel 
in the splitting (UHll- This involves a sum of kernels, each of which according to 
the identities insi-iEisi) has at least one copy of the terms '^h ^{x)‘^h{y) — I and 
^h{x)'^h~ (y) — I. Therefore, without loss of generality, we may assume that we are 
trying to prove the estimate: 

(283) / XVAx) II / “G(x,y)x(0 II dx < . 

JR'^ 

where we have set: 

-G{x,y) = A}-\x)[-h-Ax)-h{y)-l)Aiiy)[.]-g-Ay)Aix) . 

We note here that the corresponding estimates for the other terms in 7?,^^ are 
similar and are left to the reader. 


To prove we use following angular cutoff functions to split: 


“G — X\cos(e^,^_y)\^\x-y\-^+i‘^G + X|cos(ej,,,_,,)|<|a:-y|-i+"' “G . 

Therefore, using the triangle and Minkowski inequalities, we see that it suffices to 
prove the pair of bounds: 


(284) 

/ XvAAW [ x\cos{0^^_y)\^\x-y\-^+AG{x,y)xiO dA\ dx < a-'^ , 

JR^ JR^ 

(285) 

/ Xx>,,(a;) II f x|cos(e5,,_j|<|x-y|-i+^“G(a;,?/)x(0 . 

JR!} JR^ 

X ^ 

The proof of the first estimate, CHI, is a simple matter of integrating by parts as 

many times as necessary with respect to the weighted radial derivative 2 Tri\x-y\ cos(6i; -) 

taking account of the fact that “G is independent of the variable |^|. Assuming 
that \x — y\ ^ a is sufficiently large, we will eventually have that: 


(286) 



1 

y\ ^^^(d^^x — y) 




< 


-n-7 


at which point we may stop the integration by parts and put absolute value signs 
around the remaining integral. The right hand side of CH3 will then follow as a 
direct consequence of II286II and the simple bounds: 



X-D„(a:) dx 


sup ||“G(x,y)|| 

X,UJ 


< 1 • 


To conclude the proof of estimate CHSI), we need to show the second estimate (1^ 
above. At this point, we have stripped things down to where oscillations under the 
integral sign are no longer of any use, so we simply strive to estimate the absolute 
value of the integrand. Here the smallness of the function ^G(x,y) is essential. To 
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make use of this, we rearrange the order in the absolute integral and use Holders 
inequality to bound: 

(287) IL.H.S. 1 (128511 < j sup || “G(a;, y) |j duj 

• sup / X\cos(S^,^.y)\<\x-y\-^+Ax) XvA^) dx . 

To bound the second integral on the right hand side of the above product, we 
translate by the vector y and then apply a rotation to reduce the bound we wish 
to show to the following: 

(288) / X|cos(e(i,o),»)|<|x|-i+^(a:) rfa: < cr”-^+'^ . 

J \x\r^G 

The validity of 128811 follows trivially from the fact that if we split x = (a;i, a;'), we 
have the bounds |a:i | < cr''' and \x'\ < cr over the range of integration thanks to the 
angular cutoff and the identity: 

COs(d(i o),a;) = 7“! ■ 

|a:| 

Thus, keeping in mind the bound 128811 . we see from estimate that the proof 

of 128511 follows from a Cauchy-Schwartz on the sphere and the following 

integrated bounds: 

(289) (f sup \rG{x,y)f dcoY < . 

Due to its use in the next section, we will in fact show the following more general 
set of estimates which includes (1^ as a special case: 


Proposition 9.4 (Estimates for integrated remainder group elements ). Let the 
group elements “h be defined infinitesimally via the equations ETTli-ETa and the 
Hodge system (Ell, where the parameter a is replaced by M ^. Then upon 
integration, one has the following bounds: 


(290) 


f sup II ^{t,x)‘^h{s,y) — I \\^ duj\ < £ {1 + \t — s\ + N) ■ M 

J§n-1 \x-y\r-.N / 


— n—5 


(291) 


f sup II “/i(t, a;)“/i ^(s, y) — / Ip doj I < £ {1 + \t — s\ + N) ■ M 

dS"-i \x-y\~N / 


— n—5 


where £ is the bootstrapping constant from line The above estimates are 

uniform in the value of M when it is sufficiently large. 


Proof of the estimates (EHOl-Enil)- As will become apparent to the reader, it suf¬ 
fices to show the first bound (ESOll, as the second follows from essentially identical 
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reasoning. Our first step here is to disentangle the products, and to work exclu¬ 
sively with either spatially separated or temporally separated products. This is 
accomplished via the following simple algebraic identity: 

(292) ^h~\t,x)‘^h{s,y)- I = ^h-\t,x)^h{s,x) - I 

+ ‘^h~^{t,x)‘^h{s,x) ■ (^h~^{s,x)‘^h{s,y) — . 

Working now, for the moment, with the second term in this last expression substi¬ 
tuted into the estimate we expand: 

‘^h-\s,x)^h{s,y)-I = r ‘^h-\s,x)di(;^h{s,i)) di . 

J X 

Integrating this last expression in we are reduced to proving the following: 


Lemma 9.5. Let the (spatial) conneetion {“C} be defined via the Hodge system: 
(293a) = d* +fc,^]), 

(293b) -t , 

where we have set: 

(294) = -V, "L A"! A.«i(9^) , 

and where the spatial connections and {‘^C} are defined on the lines 

and (1^ above. Then one has the following integrated estimate uniform in the 
parameter M: 

(295) ([ sup II‘^(x) f dw) 

VdS"-i X ) 


Proof of the estimate II295II . Our strategy here is similar to the previous lemmas. 
We first prove things for the linear term in (I293bll . and then use the critical em¬ 
beddings and to transfer things to the connection {“C} via the Hodge 

system ( 1 ^ . 

Our first step then is to show that: 

(296) ([ sup||“A(^)(a:)f dw 1 < £ • . 

yds"-1 X J 

In fact, we will show the following somewhat stronger estimate which will easily 
imply (Ungi, and which is more robust with respect to Hodge systems: 

(297) ( f ||“A(^MP.=o,(.,t-„ dc.^ < £ . 

ydgn-l Ba.lOn J 

This last estimate is a simple matter of using Bernstein’s inequality and orthogonal¬ 
ity which will net us the factor M^“", followed by the condition that < M~^~^ 
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at each fixed frequency thanks to the multiplier which nets us the 

remaining powers of M~^. The implementation is as follows: We first decompose 
things into the sum over all frequencies /r ^ 1 and angles 0^1: 

0,^ : 

M<1 


Keeping in mind the spatial frequency truncation of , and by the square sum 

definition of the Besov norms, the triangle inequality, and dyadic summing, we see 
that it suffices to show the following fixed frequency estimate: 


(298) 


1 



< . 


For each fixed w, we use Bernstein’s inequality and the equivalence: 


to compute that: 


sup , 

X 

< 0-V -w Pt.{A.«i) II. ^ > 

Hai ^ 

Hx ^ 

Notice that this last line follows from the truncation condition < 0^ as well 

as the small constant bounds 7 <C The proof of 129811 is now a result of the 
following simple calculation involving Plancherel: 


(299) ^ ^ 

if [ II iei^p/.C^(C) f 

\Jm^ JS"-i 

<M-^\\P,{A,^^,)\\ ^ , 

Hx 

< £ . 


To finish the proof of 1213), we simply need to pass the estimate ( 1 ^ onto the set 
of spatial potentials {^Q}. To do this, we set up auxiliary spaces LZ'iP^^On ^ 
and (^^lon ^ From the estimates 124811 and 124111 we immediately have 
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that: 



(300) 

||<.^(M) |j^ 

■ p.y,(2,n^) ^ 

' v-^ 2 , 10 n / 

(301) 

II ^11^0 

' V-^2,10n ) 


where the index is the exponent from the line above. The desired result 

now follows from the bilinear estimate: 


(302) 


V.^A 


-1 


-2 




1^2,lOn / 


Ll{B 


oo,( 2 ,f- 7 ) 

2,10n 


)■ 


This is a simple consequence of the condition < n which allows us to fulfill the 
condition B7I) of the general embedding (ESll . The result follows from integrating 
this bound in □ 


We now turn our attention to proving the bound for the temporally sepa¬ 

rated product which is the first term on the right hand side of equation above. 
Expand the integrand here an the derivative of another integral over time line, we 
have that: 

'^h~^{t,xYh{s,x) — I = f d£ . 

J S 

After integrating in the right hand side of this last expression, we see that we 
are reduced to proving that: 


Lemma 9.6. Let the quantity “Cq he defined implicitly via the elliptic equation: 

(303) Rjo = + 

- d*A~^(fCo,^]+ , 

where we have set: 

(304) = -Vt "L A-1 A.«i(9^) , 

and where the connections and {‘^C} are as in Lemma\^^ and where the 

quantity is defined on line above. Then one has the following integrated 

estimate uniform in the parameter M: 

(305) ([ sup|i‘^o(x)f dw) 

Vds'—i X J 


Proof of the estimate lEnsi- As in the proof of the previous Lemma, our goal here 
is to first prove the ^ ) improvement of this claim for the terms on 

the right hand side of the equation which do not involve the variable “Cq. 

The desired bound can then be achieved via iteration or bootstrapping using the 

bilinear estimate and the estimate (1^ to deal with the term involving ‘^Cq 
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on the right hand side of (1^ . Therefore, we are trying to show the following 
three estimates: 

( 306 ) 

( 307 ) 

( 308 ) 

iL 

The proof of the first estimate (I306II is essentially identical to that of above, 
once one takes into account the truncation condition (I122cll . The proof of the second 
estimate II307II follows from the bound proved for the potentials 

{^C_} proved in the previous lemma, the bilinear estimate H3n2|l . and the following: 


du; 

B2,10n 


< S ■ M-"-'* 


[“Co,“C] dto) < £ ■ 

^ 2 , 10 ,. 


Vt 

A 


11 ^, 


du] < £ ■ . 




^ v-^2,10n ' 


< £ 


whir.h 




Therefore, it remains for us to prove the last bound (TTO . Unfortunately, this 
does not follow directly from the procedure we have been using so far. The trou¬ 
ble is that the time derivative Vf will in general not cancel with the Laplacean, 
and it is not possible to prove a bilinear estimate which is morally of the form 
2 ) ^ ^^.(2. 2 ) ^ ^due to bad High x High frequency interactions 

in dimension n = 6. The only way around this seems to be to do something which 
is quite a bit more involved. The way we will prove is in a series of steps 

designed to reduce things to a term which, in some sense, represents the central dif¬ 
ficulty. This last term will be dealt with using a scale of non-isotropic spaces which 
are similar to the ones employed in the proof of Lemma El above. The argument 
we will present here is largely ad-hoc, and there are many variations. Furthermore, 
we will proceed by proving certain estimates which may be cut out at this stage of 
the overall paper but will turn out to be useful in the sequel. 


The first step we make here is to recall that, although we have been suppressing 
it, there is additional polarity information in the definition of the connections d+^A 
(see (ITO l. This comes from the choice of null vector-field . For convenience, 
we will use here an implicitly defined notation which we call “L, to denote the 
opposite vector-field for any given choice of polarization. That is, we always have 
the formula: 

( 309 ) □ = ‘^IAL + A^± . 

Now, for a given choice of polarization, we can always write ±Vt = — u ■ V^,. 

Therefore, modulo proving estimates which are identical to those Lemma l9.5l above. 
and distributing the “L derivative, we that the proof of can be reduced to 
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the proof of the following three bilinear estimates: 

< E ■ M-^-^ , 

< E ■ M-^-^ , 

< E ■ M-^-^ . 

Our first step is to prove the estimates linnil - d^TTl) . To do this, we introduce the 
auxiliary index: 


(310) ||A-irW^),-C]|! 

-^wV-^2,10n 

(311) II I! 

-^w'--^2,10n 

(312) II + li 

^ ^wi^2,10n 


(313) 

We now show that one 
( 1 ^ : 

(314) 

(315) 


2 n(n — 1) 

{n — 2)(n + 1) — Syn 

has the following improvements over the estimates r244ll . 




'^L^C\ 


(-“2,10n ) 


i-^ 2 , 10 n ) 


< £ , 
< £ ■ 


With the help of the proof of the estimates iiHini-irrmi follows from 

the ^ bound shown in the previous Lemma, and the following bilinear 

embedding: 


(316) 


A- 


- 2 / 2 


2 )\ 

1 -^ 2 ,lOn J 


7-2 / 6 ^:( 2 ,§- 7 )\ 

^uj{-^2,10n J • 


Notice that the validity of this last estimate follows from the condition EZI), because 
for 0 < 7 <®C 1 we have the index bounds: 


-r / ^ - , 

which follows easily from the definitions of r^. To prove lEHIi-EISI) we pro¬ 
ceed by first showing and then use the Hodge system (I232II to show that 

(ini) =7 (ISTCl . The details follow. 


We are now trying to show ini- We use the identity (1^ and the definition 
(I233II and the structure equation to compute that: 

(317) = V, A,^i{du.) 

- V, Ay iP([H,i7])(9^) . 

The estimate (Em for the first term on the right hand side of this last expression 

• n —4 

is a trivial consequence the H “ 2 — bound (at fixed time) for that term which is 
provided through the energy type norm contained in the bootstrapping assumption 
iTT^ . and the Besov nesting ij?^ . Therefore, we strive to bound the second term 
on the right hand side of JiTTTIl above. To do this, we first decompose things into a 
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sum over all possible angles spread from the uj direction and write: 


9 


For each angularly localized piece in this last expression, we may make use of 
the Coulomb savings 118911 to show the following heuristic multiplier bound (again 
making use of our convention explained below 15811 above): 

V, A-i p^r{[B,H]){d^) « “n, p^p.«i([i?,i7]). 


Therefore, dropping the small frequency multiplier, our goal is to show the following 
fixed angle estimate: 


-^2 

Using Bernstein’s inequality on each fixed dyadic block in the Besov nesting (1^ . 
and making use of a small numerical calculation which we leave to the reader, one 
finds that this last estimate is a consequence of the following non-localized Besov 
space estimate: 

\\\D,\-^{[B,H])\\ f . 

^2 

This last bound is now a consequence of the bootstrapping structure estimate 
and the following bilinear embedding: 


lA 


1-1 


Bt, 


B. 


52 .( 2 . 11 ^) 


p n + 2-7 
^2 



2n 

Notice that the reason we are forced to work with the relatively high space 
is because of Low x High frequency interactions. This is why we are forced to work 
in the less aesthetic space L''~< above instead of L^. This completes the proof of 

( 1 ^ . 


Our next step is to establish the implication 181411 181511 . This follows im¬ 

mediately from differentiation of the Hodge system 128211 with respect to the “L 
vector-field, and then using the following bilinear estimate to bootstrap: 


Va,A 


-1 


B. 


2,10n 


■^2,10n 


B. 


2,10n 


We leave it to the reader to check that the various conditions of estimate (HKii are 
satisfied in this case. 


It remains for us to show the bound To make this a bit easier, we employ 

the skew symmetry of the Lie brackets in that expression to write it as: 
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From this we see that the proof of will follow once we can establish the three 

separate estimates: 


(318) II A-i(rL‘5w,-C:- 5^)]) 11^^^ , 

(319) II <£.M—^ 

(320) II 11^^^ . 

To prove the first estimate ( 1 ^ above, we make use of the fact that 
obeys a better bound than either term in that expression does individually: 

(321) < £ , 

-®2,10n 

where we have set the index Sj to be: 


S-y 


npy 

n + Pj 


+ 7 • 


The proof of 132111 follows immediately from the entirely quadratic structure of the 

terms in the expression ‘^C_ — in conjunction with following bilinear estimate 

whose proof is a simple consequence of the definition of the p-y indices, IlHtill . and 
the general embedding (1^ : 


V.,A 


-1 


Ap^.(2,A^) 

-°2,10n 


2 ) 

'° 2 , 10 n 


B. 


y.( 2 ,^) 

2,10ra 


Furthermore, by taking the “L derivative of the potentials in the estimate (EHEll, 
and making use of the truncation condition rr^ . we easily have the following: 


(322) ir^Td^^Ml f 

-®2,10n 

The proof of H318|l now follows from combining estimates 132111 and 132211 in to 
the following bilinear embedding whose validity follows easily from and the 
condition 2 + 7 < -^ (say for n = 6 or higher): 


(323) 


.-1 


-2 f pO°X2,^-'f)\ 
^ajV^2,10n ) 


L^{B, 


2,10n 


-2 /nOo.(2,t-7)\ 

^Lj\^2,10n ) 


We have now come to the point where the current techniques reach an impasse. 

Notice that while the terms and do seem to have a better structure 

at first glance via the equation CTTIl . it is surprisingly difficult to pass this into 
integrated estimates of the form ll^ . This is because while the linear term on 
the right hand side of EI3 is quite nice, the only saving grace of the quadratic 
term in that expression is that it can go in lower spatial space, which is not 
particularly useful when half of the needed savings in the estimate comes 

form orthogonality (meaning that anything below gets wasted). A way to get 




76 


JOACHIM KRIEGER AND JACOB STERBENZ 


rid of this problem is to employ non-isotropic spaces. Specifically, we define the 
norm: 




lOn 






Our goal is now to show the following estimate which represents a more manageable 
form of the differentiated version of (1^ : 


(324) _i_,2oo 

Having done this, our next goal will be to pass on estimates of this form on to the 

non-linear potential “C. For reasons which will become apparent in a moment, it 
is more convenient to state this estimate for the following sum of spaces: 


(325) 




-— i). 


< Z ■ . 


LK-Kjor. ’ )+LI{BCio'^ ") 

Once this is accomplished, the proof of (Einil-lEIlI) will follow from the two bilinear 
estimates: 


(326) 

(327) 


L • n-4>, 

’■H—\ 


T2(LU\f 2 7,2,00. 

■'Vision ) 


• T oo ( -nV-y A‘^i~2~ ) \ T‘^ ( 2 > \ 

■ l-^2,10n ) ' ^u)\^2,l0n ) 


^-1 . roo/'DP'r,(2.^V^)\ 


t 2 (2.^-7),, 

Bu!\i^2,Wn ) 

t2 /nOO,(2,f-7)\ 
Buj\^2,Wn ) 


Here the space in the first term in the product on the left hand side of (I326II above 
is given by the norm: 


N4| 


A Y H — 


A\A\\ . n-4 


That the set of potentials is in this space with norm < S follows from the 

explicit formula and the Coulomb gauge savings nWi . Having now outlined 

the general strategy, we move to the proofs of the individual estimates. 


To prove 132411 we use the spatial truncation condition itTMIl . the triangle in¬ 
equality, and dyadic summing to reduce things to the following single frequency 
estimate: 

(in-. " 

Now freeze w and run a Littlewood-Paley decomposition in the frequency 

plane: 

A : 

A< M“V 

(329) « M-i ^ > 

A : 

A< M-V 

where the last line follows from the truncation condition I122cll and our heuristic 
multiplier convention. Notice that the sum restriction in these formulas comes 
because of the presence of the cutoff The extra M~^ factor comes from 


(“L“H(^))| 


(i-TL) 


duj 


< u5+27 £ . M 


— n—S 


REGULARITY FOR 6D YM 


77 


this same angular cutoff and the Coulomb gauge savings Working now with 

the right hand side of 1223), we use Bernstein’s inequality and dyadic summing to 
compute that: 


< M-i ^ II IIl^„(L“,) > 

A ; 

A< M'V 

< IIII . A- , 

Hx 

< II .i.«l II . . 

Hx ^ 


Integrating now this last line in Lj, and using the orthogonality computation which 
began on line (1^ above we have achieved (i:-{28ll as was to be shown. 

Our goal is now to pass the estimate (1^ on to potentials modulo terms 

which are in the more regular space ^ To do this, we differentiate 

the system (1^ with respect to the vector-field ^L, and write it heuristically as: 




Therefore, the desired bound will follow from a bootstrapping argument the es¬ 
timates 12221), 1203-12211), and (i:fi4ii - i;ii5ii with the help of the following three 

bilinear estimates: 


(330) 

V,A-i 

■ 7'2/p'^’(2’2 7-CXD / ^(2, 2 

• ) ' -^UJ \-^2d0n 

>) 

('^^.(2,'"2^ 'y) 

^ ^Uj\^2,10n 

(331) 

V,A-i : 

r 2 / r f 2 . 

^uj[^2,10n } * 1-^2,lOn 

’) 

^ ^uj\^2,10n 

(332) 

V,A-i : 

T 2 fuj\j 2 r ^ 2 . 

''^ISOn ) ■ \^2,10n 

>) 

^ -^io\ -^^laOn 


), 

), 

)• 


The estimates 1223-12211) are again an integrated form of the general Besov em¬ 
bedding HU, and we leave it to the reader to check that the indices are in 

the right range to satisfy the conditions 12Z1)-123. It remains for us to prove the 
inclusion 1223- We do this now. Let A and C be two test matrices. By performing 
a trichotomy, we see that it suffices to prove the following three frequency localized 
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summation estimates for fixed values of w: 


^ A-5-^(1 + A)1°" \\W.A-^Px{P^,A-P^,C) ||l2 ) 


< 


(333) 


A~/i2 


N4| 


2 

■'^l,10n 


C\\ ,2 , 

M . p^,(2,—7 
-°2,10n 


^ A-5-^(1 + A)1°" \\V.A~^PxiP^,A-P^,C) 


< 


(334) 


A,/i^ : 
Ai2<Ml 

A~/ii 


N4|i , 


‘-’AA 


b; 


(335) 


^ A-i-^(l + A)i°" ||V,A-iPa(P^,AI.P^,C) < 

X,fii 
ui~/ 


''^l,10n 


-'^2,10n 


The proof of (I333I1 - 1335II is essentially identical to the proof of the three estimates 
(I252II - I254II we have shown earlier, although the proof of the last estimate II335II 
requires a slightly more delicate argument due to the presence of additional low 
frequency weights. We leave to the reader. To show the last estimate 

above, we follow the proof of (1^ which begins on line although we do so 

without throwing away the P\ multiplier so soon. This leaves us with the fixed 
frequency estimate, which we expand out into all frequencies in the variable, 
calling the appropriate multipliers Qa- 


\-i-^ \\V,A-^Px{P^,A-P^,C) ) , 

(336) < A^-®-'^ ^ . 


Now we use the fact that the multiplier Qo- only acts in the ojll variable. In that 
variable its action can be written in terms of a kernel which has uniformly 
bounded n norm (in terms of the parameter a) and has amplitude ^ a. There¬ 
fore, via Young’s and then Holder’s inequality, and a little dyadic summing, this 
allows us to bound: 

(l.h.s.)1S33 < ^ II {\KQ^\*\\{P>.,A-P^,C)\\^.j^)h.^^^ , 

cr<A 

a<A 

< A5Y-i-^ ||PM,^||L=„(L~,)-|l^"l.2C'|Ur, , 

) . pf "'ll . 
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This last line and the condition 0 < —— 1 — 7 allows us to safely make the sum 

P 7 ^ 

on the left hand side of ldd5ll and then proceed via Cauchy-Schwartz to arrive at 
the desired bound. This completes our proof of the bilinear estimate (Idd2ll . 


The last thing we need to do here is to prove the two final estimates (1^ and 
The second of these is of course simply an integrated version of the general 
estimate (1^ . Therefore we concentrate on proving the first. To do this, we proceed 
as we did in the proof of estimate (Idd2ll and run a trichotomy on a product of test 
matrices A ■ C. This leaves us with establishing the three estimates (forgetting 
about the extra high frequency weights which are not central): 

(337) 

A,^i : 

(338) 

A,/ii : 

A~^i 

(339) 

A,/j,i : 

.M2 

The proofs of the two Low x High interaction estimates, are both 

similar and very simple. They follow from the pair of L°° estimates: 


C\ 




N4I 


A 


Cl 


RA/i : 


C4| 


A Y H- 


C\ 




(340) \\P^AA)\\l^ < hi I1C^,(AI)|| , 

A IH 2 

(341) II P^AC) ||l=x= < II P^AC) . 

The proof of 134011 follows easily from the kind of angular decomposition and Bern¬ 
stein inequality tricks used to prove estimate 118511 above. To prove the second 
estimate (IHITll . we let Qcr again denote a family of frequency cutoffs in the 
variable and we compute via Bernstein: 


I! C^2 (C) II II (C) II ) , 

< mE I1C^2(C)|| ,,-i-„2,o. . 

Using now Oini)-(IMT]| we have the pair of fixed frequency bounds: 


A-^ \\A-^P^{P^,A-P^,C) |U~ 

< I1C^,(AI)|1 •|1P^,(C)|| hi « h2, 

\h2j 
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and: 


A-^ \\A-^P^{P^,A-P^,C) lU^ 

/ \ 1+7 

< - \\P,AA)L^i.^-\\P,AC)\\ ,,-i-7,+oo « Ml. 

These may easily be summed over the respective ranges on the left hand side of 
(TTITTIl-ma to yield the desired bounds. 


Our final task here is to establish the High x High frequency interaction estimate 
(1^ . This is where the non-isotropic spaces really shine. In what follows, we let 
Qa-i denote a frequency cutoff in the frequency plane, and a cutoff in the 

orthogonal direction. We compute that: 


A--^ \\A-^P^iP^,A-P^,C) , 


(Ti : 
(7i <A 


<A-i-^ ^ ||Q.,(P^,A1.P^,C') ) 


(Ti : 
(ji<A 


< 


< 


A-'-^ E \\Q.APf..A-P^,C) 


(Ti : 
(ji<A 




A-'-^ E II M 


(Tl : 
(Ji<A 


p.u^^A ) 






< 


--7 


a3,p^,(ai)|| ^.||P,,(C)|| . 


Notice that the last line above follows from the H^ Sobolev embedding in the 
plane. This estimate can now be safely summed using the condition that 6 ^ n 
to sum over the lower dyadics, and then using Cauchy-Schwartz to sum over the 
frequency localized pieces. This completes our proof of the bilinear estimate (12211), 
and hence our proof of the integrated bound iTTO . □ 


Having now established the proof of both the integrated bounds , we 

have proved the integrated group element bounds (E?nili~(EMl). This ends our proof 

of Proposition 1^31 D 


9.1. Proof of the Accuracy estimate llTldl) . We will now give a short proof 
of the multiplier equivalence bound (I171dll . This will follow almost directly from 
the estimates we have already shown. We compute the kernel of the operator 
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<i>(0)((27r|^|)“(<i)(0))*) — (—A) 2 Pi to be (again suppressing ± notations): 


(342) K^{x,y) = / '^g-\xrg{y)[,] ‘^g-^yTgix) 

- [ x“(e)rfe, 

where x“(C) = (27r|^|)“x(- 1 2)(0- Notice that this cutoff function satisfies the 
general requirements of the generic bump function x used throughout this section. 
In particular, there exist constants Ck which depend only on a and the original 
X(-i 2 ) such that: 

(343) [ |V|x“(OI ^ Ck. 

We now decompose the kernel K°' = J2cr according to the dyadic physical space 
decomposition For each fixed value of the small constant £ on line lllTldll 

we write this sum in terms of two pieces, a “close” part and a “far” part: 


(344) 


K°‘ = K°‘ , +iF“ , 

= Y. «° + E lUY 

cr : cr : 

CTS;f"2{n + l) £-2{n + l) 


To estimate the near portion of things, we do a little algebraic manipulation and 
write the kernel as: 


_ 1 = XV 

2 UTfTT 2{n + l) 


{-g-\xrg{y)-l) [.] -g-\yrg{x) x“(e) 


+ f [. ] {^g-\yrg{x) - I) x“(e) d^) . 

«/M”' 


By a direct application of the pair of integrated bounds (129011 - 129 111 (with M ^ 1) 
this last expression gives us the absolute kernel bound: 


|A:“ _ 1 {x,y)\ < £-{l + lx-yDxv i i\x 

2{n + l) .<£-2{n + l) 


y\) ■ 


By integrating the right hand side of this last inequality we easily arrive at the pair 
of Schur-test bounds: 


(345) 


K° 


,<£ 2(n + l) 


\L?riLi), 


\K° 


.<£ 2(n + l) 


Hld 


< £^ 


To estimate the second kernel on the right hand side of 134411 . we do things sepa¬ 
rately for each term in the sum IMl- For the second term, which does not contain 
the group elements, a simple application of the estimate (1^ and integration by 
parts shows that one has the absolute bounds: 


(346) |xp , {\x-y\) [ [.] x“(e)de 

£ 2{n + l) 

< XV 1 {\x - y\) ■ {I + \x - 

e 2(n + l) <. 

< £5 • (l + |x-?/|)-(”+i) . 


This easily yields Schur-test bounds of the form 134511 . Therefore, it remains to 
prove these bounds for the first integral expression on the right hand side (1232) 
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after it has been cut off in the far region S~ 2 ("+i) < \x — y\. This follows at once 
from writing this kernel as a sum over various dyadic regions, and using the symbol 
bounds as well as the reduction to the integrated estimates (Ennii-iEsii- 

The key thing to notice is that there are only two places where we do not pick up 
the factor of £ in the resulting estimates. The first is in the main integration by 
parts argument when the derivatives all fall on the cutoff function In that 
case we can simply use the compactness of the group elements and proceed in a 
way that is analogous to the computation which started on line (Em above. The 
second place is where we estimate the integral (1^ . In that case we can easily 
upgrade the bound (I28till to have the factor on the right hand side. We are 

then essentially in the same situation as was reached starting on line above. 

This completes our proof of the general multiplier approximation estimate (Tmdt . 


10. The Dispersive Estimate 

In this section, we complete our proof of the non-microlocalized version of the 
Strichartz estimates contained in (llTlaH . Using the abstract machinery of 0], these 
will follow once we can show that the parametrix (tTTTIi satisfies a dispersive esti¬ 
mate. If at fixed time t we write that operator as: 

T{t){f) = , 

where we have suppressed the ± notation, then we seek to prove the bound (where / 
has nothing to do with the original /, but just represents a function of the physical 
space variables): 

(347) II T{t)T*{s)f lU,^ < (1 + It - s|)-^ II / Wli ■ 

Now, a calculation similar that used to produce (Enn|i shows that the kernel of the 
above operator can be computed to be: 

(348) K^^\t,s;x,y) = 

[ -g-\t,xrg{s,y)[.] -g-\s,yrg{t, x) xiO • 

JK" 

Therefore, as is usually the case, we see that it suffices to show the fixed time 
uniform bound: 

(349) ||if^^*(t,s;.,.)||Lj;„ < (l + |t-s|)-^ . 

The proof of (134911 turns out to be a straightforward consequence of the bounds 
established in the previous section. The strategy we follow here is almost identical. 
We first decompose the kernel into a sum of two pieces: 

j^TT- ^ j^TT* ^ ^ 

for which we’ll show the bound individually. The kernel will be smooth 

enough that we can use a standard stationary phase computation on it. The re¬ 
mainder kernel will be small in absolute value without using any sophisticated 

integration by parts (although, as in the previous section, there will be some use 
for oscillations in this term also). As in the previous section, the definition of 
will depend on a physical space scale, in this case the value of (l-|-|t—s|-|-|a; — y|). 
This will again be effected by the choice of an auxiliary gauge transformation “g. 
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This time we define to be the transformation into the Coulomb gauge of the 
smoothed out potential: 

(350) , 

where we define the scale M to be such that: 

M = (1 + |t - s| + |a; - y|)^ . 

As before, we use the splitting (EI3-(EIS|) to compute: 

(351) {t,s]x,y) = 

f ^27vi{it-sm+{x-y)-i) ^{t,x)'^g{s,y)[9] ^{s,y)‘^g{t,x) xiO ■ 

Our first step here is to notice that it suffices to show for the kernel 13511) 

under the condition that \x — y\ > ^(1 + |t — s|), for if this were not the case then 
we could simply integrate by parts as many times as necessary with respect to the 
variable A = |^| in the expression 135111 and easily achieve 134011 . Therefore, we will 
now show that: 

(352) \\k'^'^’’{t,s;x,y)\\ < \x-y\~^ . 

We now factor the phase in (1^ as: 

g27ri((t-s)|^|+(a:-y)-{) _ ^2ni(t-s)\ ^2TTiX\x-y\ cos{&x-y,^) 

where we are using the frequency polar coordinates ^ = Xlo. Integrating first on 
the sphere S"“^, we see that to conclude (1^ it is enough to show that: 

(353) II [ ^■'(t,x)“g(s,2/)[.] “g-'(s,j/)“g(<,a:) dccll 

< l^-yl”^ • 

This last estimate will follow easily from the Morse lemma and the already estab¬ 
lished symbol bounds To implement this, we first cut off the above 

integral into small neighborhoods of stationary points of the phase and a remainder. 
We do this with the smooth partition of unity: 

1 A)|l —cos(6x-.a,,j)|<5 A)|l+cos(6j,_.„_,j)|<i X ■ 

The cutoff X cuts off on the region where cos(02;_j,^t,j) is bounded away from ±1, 
and there we have the gradient estimate: 

C I Vcj C0S(©3;—y,a;) I , 

for a sufficiently small constant c. Using this, and integrating by parts n — 1 times 
while using the symbol bounds we easily have that: 

II f g2„A|.-y|cos(e._„„) ^g-\t^y,)^g^s,y)[.] ^g~\s, y^g (t, x) xi^) dec || 

7s"-i 

< A^-" • Ix-y]-"^ . 
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This proves (TOi because we may assume that | < A. Our goal is now to prove 
the localized estimate: 

7s"-i 

^9 X|i-cos(0,_^,^)|<i(^) dw|| < . 

It will become clear that the corresponding estimate for the region where |1 + 
cos(0a;-j/,uj)| < I follows from identical calculations. 


Now, the angular function cos{Qx-y,Lj) has a single non-degenerate critical point 
in a neighborhood of the unit vector (x — y)/\x — y\ with index n — 1. Therefore, 
by the Morse lemma there exists a diffeomorphism 6 = in a neighborhood of 
this point such that: 

1 — cos(0a:_y^(^) = + ... + dn-l ' 

By making this change of variables, we see that we are trying to prove that: 


I f ^2^^x\x-v\\9\^ \t,x)^ 

dR"-i 


{s,y)‘^ xiO) d9\\\ < |x-?/| . 


Here J^p-i denotes the Jacobian matrix oi ip and y is some smooth function 
which is supported where |0| ^ 1. Making now the simple change of variables 
yj A|x — y\9 = 9', it sufhces to be able to show that: 


(354) 



e2"l®'l' it,xf^^'^{s,y)[>] is,yf^^'yg{t,x) J{9') d9'\\ 

< 1 . 


Here J{9') denotes a smooth function with (large) compact support and uniform 
gradient bounds: 

|Vg,J| < 1 . 

Furthermore, the function !p{9') obeys the gradient bounds: 

< k-2/r^ • 

Combining this last estimate with the symbol bounds lEHi-iESI) and the trunca¬ 
tion condition M = \x — y\'^, we have the uniform gradient estimates: 

\\V%{^-\t,xms,y))\\ < 1 , 

\\^i{^-\s,ymt,x))\\ < 1 . 

Using these bounds, we can prove the bound I354II by treating the quantity on the 
left hand side as a Fresnel-type integral and performing n integrations by parts in 
the region where 1 < \9'\. 


To complete our proof of we need to show that: 
(355) |l7^^^*(^,s;•,•)l|L» < (l + |t-s|)- 


-1 
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where 7?.^^ is the kernel which is defined by subtracting (1^ from Using 

the splitting we see that this has at least one factor involving the 

expressions ^h~^{x)^h{y) — / or ‘^h{x)‘^h~^(y) — I under the integral sign. There 
are several such combination, but we will choose to estimate only one such term 
and leave the others to reader as they can be treated analogously. Therefore, we 
may without loss of generality assume that we are trying to prove the bound: 

(356) WT! “G(t,x;s,y) x(A) A”-i dAdwII 

Jo is"-! 

< (l + lt-sl)-^, 

where we have set: 

‘^G{t,x-,s,y) = ^ {t,x) {^h~^{t,xYh{s,y) - I^‘^g{s,y)[»] '^g~^{s,yYg{t,x) . 

As in the proof of E33 above for the smoothed out kernel , we may with¬ 

out loss of generality assume that we trying to prove (I356II in the region where 
\x — y\ > — s|) because otherwise we may integrate as many times as nec¬ 

essary with respect to the radial frequency variable to pick up the desired decay. 


To proceed further, we will first decompose the range of frequency integration 
into a small set and a remainder where we can again integrate by parts with respect 
to A. This is accomplished by using the angular partition of unity: 

^ “ ^l||^+cos(ej,_,;.,^)|>|a;-y|T-i + X|^|5|^+cos(ex-a,,.;)|^|x-y|T-i • 

To deal with the bound (1^ for the first cutoff function above, we need to show 
that: 


II / ‘^G{t,x;s,y) duj 

JS"-i 

■ <J^II 

< \x-y\~^ . 

This bound follows easily from radial integration by parts in the inner integral, 
followed by the simple compactness estimate: 

[ II ^G{t,x\s,y) II dw < 1 , 

JS"-i 

which is of course uniform in the variables (t, x] s, y). 


To wrap things up here, we need to show the absolute estimate: 

/ irG'(t,a:;s,j/) II X|^+cos(e,_„„)K|r.-y|7-i X(^) rfC < Y - 

After a Cauchy-Schwartz, this will follow once we can establish that both: 

(357) 


^l^+cos(e.-„„)K|x-yp-i xiO < \x-y\Y'^ , 

1 

rG(f,cc;s,2/)f da;V < \x - . 


(358) 
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The first estimate, (1^ follows from elementary bounds. Notice first that after a 
rotation, it suffices to assume that the vector x — y lies along the (1,0) direction. 
Then the cutoff function is supported in the region where: 


6 ^ 
l?l 


t — s 

\x - y\ 


+ 0{\x 


vV-^) , 


which is a conical set about the ^i-axis of volume no greater than a constant times 
|a; — yy~^ in the region where |^| < 1. The second estimate (135811 above we have 
already shown. It is a special case of the bound which was proved in the 

previous section. This completes our proof of (I355II . and hence our demonstration 
of the dispersive estimate 


11. The Decomposable Function Spaces: Proof of the Square-Sum 
AND Differentiated Strichartz Estimates 


We now introduce a piece of machinery which will be of central importance for 
the remainder of the paper. This is a suitable reinterpretation of the important 
“decomposable function” criterion from the work [H|. In our context, we set up the 
general situation as follows: Suppose we are given an M(rn x m) valued Fourier 
integral operator: 

(359) Hf){t,x) = [ 

JR" 

where the gi are arbitrary matrix valued functions, such that this operator satisfies 
certain mixed Lebesgue space mapping properties (uniform in yo): 

(360) l!$yo(/)IUn(L"Q < ||7|U= , 

where is the same operator as (I359II but with phase i/; replaced by ipyg = 
'0(t, x — yo; ^). Suppose now that we are given a matrix valued function C(t, x; oj) 
which only depends on the angular variable oj = ^/|^| in frequency. We would 
like to prove estimates for the coupled operator (we only discuss left multiplication 
here, the case of right multiplication is analogous): 

(361) 5(/)(t,a:) = [ « C(t, x; a;) • gi(t, a:; ^/(C) 52(t, 

JR" 


These should be done in a way that the decay properties of the function C{t, x; uj) 
can be used to improve the range of the estimates A robust way for doing 

this has been worked out in the paper of Rodnianski-Tao jH). The answer is to 
fix an angular scale, say 6, and then to form the norm (“classical” decomposable 
norm): 


(362) 


lOn „ 

CIIL.,= E 


By decomposing the frequency variable in (1^ into angular sectors of size ^ 0, a 
straightforward computation then shows that one has the estimate: 

(363) |i5(7)||L,(L") < , 

whenever estimate (13601) holds with - = — — and - = — J_. 

q <?i <?2 r r-i ' r2 
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There are two problems which occur when trying to apply in the present 

context. The first is that this norm is for a single scale, which causes problems 
in products where many different scales interact with each other. The other prob¬ 
lem, which is conceptually much more serious, is that the estimate (1^ contains 
the highly singular factor of 9 ^, which needs to be eliminated with a delicate 

orthogonality argument, the kind which is not preserved in this problem for a va¬ 
riety of reasons (non-linear Hodge systems, a covariant wave equation that does 
not commute with angular cutoffs, etc). However, with only a slight reworking the 
basic idea behind (ESS) can be shown to be surprisingly robust. First of all, for a 
fixed scale we replace (EMI with a square function norm which has the same effect, 
and which will be very easy to verify in the present context. Since we will be using 
multiple scales in a moment, we introduce the solid angular cutoff functions b^g{uj) 
(not to be confused with the hollow multipliers (^) introduced in Section^)), such 
that: 

(364) ¥g{u;) = 1 , 

when w S r^, for the angular sector T^ which we interpret as a cap in a hnitely 
overlapping collection on the sphere = U^T^. Here the scale is determined by 
the condition jT^I ~ 0. On this scale, we replace (136211 with the norm: 

lOn \ 

(365) = ll(E E “P CWhYh;. . 

k—0 4> 

It is not difficult to see that by decomposing the integral on the right hand side 
of (I362II into hne and course scales, and applying Holder’s on the hne (continuous) 
scales, that the Rodnianski-Tao norm with the time integral on the outside 

is bounded by the norm (I365II . Furthermore, it is easy to see from the proof given 
in 13 that having the time integral on the outside does not effect the bound (136311 
so long as the index qi implicitly appearing in this bound is such that 2 ^ qi. This 
allows one to use Minkowski’s inequality to pull the square sum on the parametrix 
through the time integral. For us this index condition will always hold because we 
are working with Strichartz type norms. We leave it to the reader to work out the 
details of these claims. 

We now form an Banach space based on incorporating the norms over all 
dyadic angular scales 9 <1. The elements of this space we denote by {C} = 
and we define its norm £^{De) norm as: 

(L?))) = X! II ^ IIu,(l?2(L?)) • 

0 

There is also the forgetful map from the space £^{Dg) to functions which define as: 
(367) {C} -w C = ^ , 

9 

and we will in practice abusively identify {C} with C via the map (136711 . The main 
point is that given any function C, there may be a variety of ways which we embed 
C in the space and it is up to the structure of the application to decide 

how this should be done. Of course, given the square function norms (EMI we are 


JOACHIM KRIEGER AND JACOB STERBENZ 


working with, our choice here is somewhat canonical. 

Now, if we consider the C in as embedded in the integral we easily 

have the estimate: 

(368) \m)\\L.,Ln < II {^} II,.-11/lU- 

We also form spatial Besov versions of the norm ijSSHI), which we denote as £^Dg{L'^{B 
This leads us to the basic notation of this section: 


Definition 11.1. For a given matrix valued function, we say it is in the decomposable 
space if the following norm is finite: 


(369) II ^ IId(lo(bJ'( 2 .‘»))) 


{^IIC'(^) 




) 


We also define the low frequency analog of these spaces, which we denote by 
similarly. 


We remark here that it is easy to see that the norm leads to a Banach space. 

This will be important in a moment. Also, it is easy to show that the various 
Besov-Lebesgue space inclusions hold for these spaces if we define D{LP) 

analogously to lEnn). This is a simple consequence of the fact that the Littlewood- 
Paley theory commutes with the derivatives V|. We now show that this space 
satisfies the expected range of bilinear Riesz operator estimates: 


Lemma 11.2 (A decomposable Besov calculus). Let the indices 0 ^ a, 1 ^ qi,ri ^ 
oo, and Si be given. Then one has the following family of bilinear estimates: 


(370) \D^\-^ : D(Lf (. 82 '’^^’"'^)) •D(Lf (. 82 "’^^’'’"^)) 
where the various indices satisfy the conditions: 

(371) 

(372) 


(373) 

(374) 

(375) 

(376) 


n 

S3 = Si + S2 + cr- - 


n ,11. 

o'+o-SJ < nl -^-) 

2 ri r2 


n r / 1 1 \ 

51 < - + mm{n(-) , 0} 

2 r2 rs 

^ ■ r/ 1 1 N 

5 2 < - +mm{(-) , 0} , 

2 n ra 


1 

93 

1 

rs 


1 


1 




9i 92 

1 1 

ri r2 


Proof of estimate (137011 . The proof of (137011 is largely a triviality given that it is 
true for the norms without the decomposable structure. First of all, 

notice that from the definition rrm it suffices to establish things with the norms 
D[Lf{B 2 "^^’^'^)) replaced by their vector generalizations 
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This follows at once from working with two test matrices A and C and decom¬ 
posing them into sums: 

A = A^^^ , ^ ’ 

e e 

where the {A} and {C} collections have norms no greater than twice that of A and 
C respectively. 


Suppose now that we are given two test elements {A^^^} and The we 

write their product under the map as: 

(377) A-C = Y ’ 


^1 ,^2 

E 

( Y 

+ Y 

i9 

^ ffi : 

92 ■■ 


6<6i 


E 

0 

TW rj.{9) ^ 



Freezing the scale 0, we will prove the following two estimates: 
(378) 




(379) 
II \DJ 


T. 


(«) 


2 


< II 


■ II IUDe(Lf 


We will only concentrate on as the second estimate above follows from vir- 

/Q\ 

tually identical reasoning. Expanding out the sum in , it suffices to show: 


(380) II 


^(Si) 


< 


^De,{ 




Cio) 


De{ 


^92^’'2'(2.S2) 


)’ 


where we have the condition 9 ^ 9i. We now compute the norm on the right hand 
side of this last equation. For the remainder of the proof we fix the time variable. 
This can then be dealt with at the end by integrating in time and using Holders 
inequality because all of the action in the norms takes place under the time 

integral. To proceed, we first fix the angular sector F^ and the number of {9V 
derivatives to compute that: 


sup \\b^6 {9^^f\D,\-- •CW)||^. 3 ,(.,. 3 ) , 

LJ 1 

k 

^ E E II l^-r" (^e(0V5)'=-M(^3) . ^ 

• n -L ^ ^ / 2 

cior^ 

k 

^E E sup II 6<^ie(0V5)'=-M(®3) 11^.3,G,.i) • sup W0{9V 

, „ , Cc; ^ cj 2 

2=0 (pi : 

cior^ 
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Square summing this last expression over angular sectors, and adding over all 0 ^ 
k ^ lOn we arrive at the estimate: 




lOn 


sup ^ sup 


k^O 


We can now conclude on account of the condition ^ ^ which implies the 

trivial bound: 

lOn 

sup E sup II ||^ri,(2..i) , 


A;=0 

lOn 


< sup ^ sup II ||^ri,(2,.i) 

k=o “ 

< II 


This completes our proof of the estimate lITTnil . 


□ 


We now establish the link which relates the norms (TTO to the X® norms we 
have proved for the parametrix <i>: 


Lemma 11.3 (Core decomposable estimates for the potentials {“A^} and {“C^}). 
Let the sets of potentials {“A^} and {“C^} be defined as on lines (IlDOII . 1119311 . and 
above. Then one has the following family of decomposable hounds: 

(381) II “A± 


D 


u) A± 


(383) 

(384) ||Vt‘"C^ 


u>c± 



< 

£ , 

rA±ii 

D 

{lubZ;^:^^)) 

< 

£ , 


< 

s , 

II Vt“A± II 

D 


< 

f , 

{LnBZff"^^)) 

< 

s , 

rc±ii 

D 


< 

f , 

iLriBZrf"^^) 

< 

s , 

II II 

D 

{lUbZiZ’'^^)) 

< 

f , 


where p.y and q~f are the dimensional constants from lines (I186II and (I263II above. 
Furthermore, one has the following improved null-differentiated space-time bounds: 






< S 


(385) 

(386) ^ ^ 

In all of these estimates, the small constant £ is the same as on lines ltT2^ and 
(TT^ above. 




Proof of the estimates (EHU-JSHSI)- With the current setup, the proof of these bounds 
is very simple and repeats many of things we have already done in previous sections. 
Starting with the estimates we see that using the truncation condition 

(in^ it suffices to prove the first collection, as the time differentiated versions will 
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follow from these with little fuss. We now follow essentially the same steps used to 
prove estimates and (1281 II . The only difference here is that we incorporate 

• n —2 

the square function norms contained in the X^~ spaces. In what follows, we will 
in fact only prove the space-time estimate which is the second bound on the right 
hand side of above. The first bound on this line follows from similar reasoning 
and is left to the reader. The first step is to define the scale decomposition (we now 
ignore ± notation for the remainder of the proof): 

‘^A = ^ ‘Tie . 

e 9 

Our goal is now to prove the following fixed time bounds which can easily be 
summed over and then integrated to achieve the desired goal: 


TIe“T it) 


Db{i 




< IIT. 


<1 




2(n-l) 


SB^ 


,( 2 . 


By using the square function structure contained in the definition of the various 
Besov and decomposable Besov norms and taking into account the low frequency 
truncation of the potentials {‘^A} and the proof of this last estimate 

reduces to the fixed frequency bound: 


\\‘AlgP^‘^Ait) 



B. 


,^,(2,2^)', 


< II P^A,^<1 



Expanding now the decomposable norm on the left hand side of this last inequality, 
we see that the proof reduces to showing the square function bounds: 


lOn 


(387) ^ sup II 6^(a;) (dV^)'' Tl,P^“T(t) f, 

, ± ^ B„ 




k—0 (j) 


< 9^^ Y. II (t) I 

<t> ■■ 






where Alg is a fixed thickening of the multiplier AJg such that one has the general 
quasi-idempotence bound: 

(388) supll 6‘^e(tt>)“neT||L, < \\'^A1qA\\l<i , wq G T^ , 


where Alg is any multiplier with frequency support contained in the frequency 
support of ‘Tig whose convolution kernel satisfies comparable bounds. Here the 
statement that wq G T,^ is taken to mean that wq is in the center of the cap T^, the 
very same notion we used in the definition of the square function norms (trnii above. 
Using now the general bound as well as the heuristic multiplier identity: 

(0V5)'=TIeP^TT^"-'V*,,‘"LAjlT.«i(a.)(t) « 0-'TIeP^T.«i (t) , 

we have the bound: 

(L.H.S)ra < E ll^e^M^.«iWP.,,,(2,A-, ■ 

4> : ^2 

The estimate now follows from the Bernstein nested-Besov inclusion: 
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Our next goal is to pass the estimates on to the non-linear set of 

potentials (“Co, {“C}). Since it is a-priori not clear that these functions have finite 
norms, we construct the bounds from scratch by running a con¬ 
traction mapping argument in these spaces on the Picard iterates of the systems 
(ESI) and (ITMIl . To guarantee convergence of the resulting sequences, we make 
use specific instances of the general embedding (isznj. Our general strategy here is 
the following. We first establish the non-time differentiated estimates for the 

spatial potentials {“C}. Then, assuming the non-time differentiated versions of the 
improved estimates (Id85ll - (ld86ll (whose proof relies only on the previously estab¬ 
lished bounds) we prove the time-differentiated estimates (188411 . Having established 
these, we then prove the estimates for the temporal potential “Cq. Our next 
order of business is to prove the non-time differentiated versions of the improved 
null-differentiated bounds (I885ll - (l88(jll . Finally, armed with all of this, we show the 
version of the estimates (I88,^ll - (l88till which contain the extra time derivatives. In 
what follows, we will only list out the various bilinear estimates which yield the 
desired bounds. Since these are almost identical to many of the estimates we have 
dealt with in the past sections, we leave the verification of the numerology to the 
reader. 


To prove the non-time differentiated versions of for the collection {“C} we 
use the pair of bounds: 


(389) 

V,A-i 

(390) 

V,A-i 




)) 

)) 




To establish the first bound on line (I384II we first differentiate the Hodge system 
(E3) with respect to time and then apply the embedding: 

(391) 


V.^A' 


D{L 


( nPT’(2,- 

V-^2a0n 




V-^2,10n 


^)) ^ d{l\ 


D / 0^7 ’(2’ ■ 

V'^2,10n 


')) 


To prove the time integrated bound which is the second on line (EH we decompose 
the vector-field V* into ±“T T ^ just as we did starting on line above. 

Then, modulo estimates of the form (IMn|l . and assuming that we have shown 
the non-time differentiated versions of (I385ll - (l38fill we may reduce things to the 
embedding: 

(392) 


VxA 


-1 


■ D{L\ 


1-^2,lOn 


)) -- D{L^,iB 


2,10n 


')) 


Our next step is to prove the estimates (I383II for the temporal potential “Cq. 
By an inspection of the elliptic equation (1 19411 . we see that modulo embeddings 
of the form EH-Enni) and the bounds we have already shown, we only need to 
establish things for the term VtA“^([“A, “C]). Again expanding the time derivative 
as ±“L=Fa;-Va; and distributing the “L derivative via the Leibniz rule, we are reduced 
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knowing the following (which just represent another form of the embeddings H.'ffll II - 

(EHUl): 

(393) 

(394) 




Finally, we wish to show the improved bounds (I385ll " (l38till . We work recursively 
here. First, we assume that the non-time differentiated versions of these estimates 
are valid. By the truncation condition (I122cll . we see that the proof of the estimate 
(1^ with the extra operator 9* A 2 follows from the proof of this estimate without 
that operator. Thus, our aim is to establish the estimate in the presence of 

the extra i 9 tA ~2 derivatives. Applying this operator to the differentiated Hodge 
system (ITHHli . we see that things can be handled with the help of the two bilinear 
inclusions: 

(395) 

V^A"^ 

(396) 

Notice that the numerology in these last two estimates is a bit tight in High x High 
frequency regime. In particular, the condition only has room of about 1/10 

in n = 6 dimensions. The next item on the stack for us is the estimates (I385II " 
(I386II without the extra derivative VjA”^. Assuming for the moment that this 
is true for (1^ . we see that the proof of in this case follows easily from 

“L differentiating the Hodge system and applying a less singular version of 

the estimate (1^ . Therefore, we are now at the point where everything has been 
reduced to the proof of the first estimate To do this we apply the following 

instance of the identity (TTITIl : 

(397) “L-M. = V, A,«i{du.) - V, A'i V{[B, H]){d^) . 

The estimate (1^ for the first term on the right hand side of (TWtIi is very simple 
and left to the reader. It follows from steps similar to the proof we gave above of 
the estimates (1^ . Notice that there are no singular angular factors here so there 
is a lot of room in this estimate if one takes into account the extra Coulomb savings 

We are now trying to prove for the second term on the right hand side of 

which we decompose into angular scales as: 

(398) 

V, A~i'P{[B,H]){dA = 5] V, A-l'P{[B,H]){d^) . 

9 


■■ -- d{lub^ 


2 c V T~)f r 2 / 73^7 ’ (2, 2 ) 


))■ 
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By the definition of the norm and using some dyadic summing, we see that 

it suffices to bound and then sum over the fixed time-fixed frequency expressions: 

(399) ||V. 

^V^2,10n j 

lOn ^ 1 

k^O <P -°2,10n 

For each fixed value of 6, and for each fixed spatial frequency /r we have the following 
heuristic multiplier bound one the Coulomb savings are taken into account: 

V, A-i 'P{[B,H]){d^) (t) « ^eP^P,«ii[B,H]) (t) . 

Taking this into account, and using the same multiplier reductions used to prove 
(1^ above, we have the inequality: 

(L.H.s.)W < ( E )" ^ 

(f) : -®2,10n 

ujoGr^f, 

0 : -®2 
ujQ^r^ 

(400) < 0^ \\{[B,H])it)\\ . 

This last set of inequalities results from the localized Besov inclusion: 

^ 0 (^ 2 ’^^’"^^) C 6»i+T' , 

an orthogonality argument. Integrating the bound Bnnii L2 in time, and using 
some dyadic summing, we see that our proof of is reduced to showing the 

following: 

Keeping in mind the bootstrapping estimates 1122tll . we see that this last line 
is simply a more singular version of the embedding (in^ shown above. In the 
Low X High case the proof follows from In the High x Low case there is even 

more room and one can again use something similar to (innii . In the High x High 
case we use the embedding: 

P4L2(i?^42.V))) .p^(L-(i/^)) ^ P^{L^{H^)) , 

where a = u(^(5f) ~ This last bound follows from the general frequency localized 
embedding O . Note that in dimensions 6 ^ n we have the necessary condition 0 < 
a. This completes our proof of the estimate 13X511 and therefore our demonstration 
of Lemma rroi □ 
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11.1. Proof of the Square Sum Strichartz Estimates. We now come to what 
is perhaps the linchpin of our argument. These are the square sum structure esti¬ 
mates contained in llTlall . With the current machinery in hand, these will be quite 
easy to establish. At the heart of things is whether the angular multipliers “Tie 
“commute with the dynamics” of the covariant wave operator At a quick 

first glance using Duhamel’s principle, this seems to be connected with whether 
one can control the commutator Unfortunately, it is not too diffi¬ 

cult to see that one runs into serious difficulties as soon as 0 <C 1. This is not 
the end of the story however, because it turns out that modulo a very nice error 
term, one can control the commutator with the “integrated” form the equations 
[“Tig, <i>]. This shows one of the deep advantages to working with the parametrix as 
opposed to dealing directly with the equations themselves^®. We proceed as follows. 

Our first step is to fix a scale 0 and run a cap decomposition = U^T^. The 
next thing we do is to decompose the parametrix $(/) into a sum of three pieces: 

+ / X(i2)(A) A"-idAdu; 

+ [ e^""“““g-i.7(A..)“gX(A2)(A) A-'dAda;, 

jR" ~ 

= II + I 2 + I 3 ■ 

Here: 

“ff = + Pe<,{‘^9) , 

is a low-high frequency decomposition of the group element “g. We dehne the 
decomposition for similarly. Our goal is now to prove the following three 


estimates: 





(401) 

E 

r«nePi(/i)|p 

< 

Il7lli3, 


: 

L'-‘{L "-3 ) 



(402) 

E 

\rUeP,{l2)f 

< 

Il7lli3 , 


<f) : 

L^(L "-3 ) 



(403) 

E 

r°UePi(h)\\^ 

< 

Il7lli3. 



L^L n-3 ) 




The proof of the hrst bound follows easily from the plain endpoint Strichartz 

estimate we have already established. To see this, first notice that for a fixed angle 


^^This also seems to have far reaching philosophical consequences for how one should proceed 
in lower dimensions. Specifically, it seems to suggest that the correct “covariant” space 

should be defined in terms of the parametrix and not in terms of the symbol of the covariant 
equation. 
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one has the identity: 

f , fiXco) %«, X( 1,2) (A) X^-^dXdio 

JR'^ 

= X(i2)(A) A"-idAda;, 

JR^ 

where C ^F^/ for some fixed thickening F^/ of the spherical cap that ujq G F^. 

That this is the case follows easily from the fact that the Fourier transform of the 
function: 

is a tempered distribution with support contained in an O(c0) neighborhood of 
the point ^ for some small constant c, uniform in the value of 0. Using now the 
boundedness of the multiplier ““FiePi, we only need to establish that the truncated 
parametrix Ii obeys the endpoint Strichartz estimate. We reduce this claim further 
by writing the integral in the form: 

Ii= [ [ KP-«^{w)KP>«^{y) [ e2-^“““g-i/(At^)%X(i,2)(A)A"-idAdc.dw;d2/, 

JR"^ JR^ JR'^ 

where — w) and ^gy{x) = “g(x — y) denote the translated group 

elements. Using the fact that the convolution kernel has 0(1) norm uni¬ 

form in the value of 0, we are left with establishing the and dispersive estimates 
of the previous sections for more general kernels of the form: 

(404) $g„,,(/) = / e2"^“““5r'/(Au;)“52X(“2)(A) A^-idAdoj, 

JR" 

where “gi and “32 are unrelated group elements which are generated from Hodge 
systems and connections of the form (irnnii - inMii . which satisfy the general require¬ 
ments ins and itTCll for A = 1. This indeed turns out to be the case, and the key 
observation is that by using the identity d, all of the TT* arguments go through 
just as they did in previous sections. 

It remains for us to prove the bounds cna-raia. These are essentially identical 
to each other so we concentrate on the proof of the first of these, leaving the other 
one to the reader. By an application of Bernstein’s inequality and orthogonality, 
we see that it sufSces for us to show the estimate: 

(405) I|0/2||l“(l=) < I|7||l= . 

At a heuristic level, this estimate is true because one has the identity 9 ~ 

Vx'^g = g'^C_- And we see that in this case things would follow easily from the 
P(P^(L°°)) contained in the estimates To implement this in a rigorous way, 

we derive the following elliptic equation for “( 7 e<, based on the formulas 

= ^ V*A-1Pa(VC,) . 

A : 

9<\ 

If we denote the (vector) kernel of operator V^A^^P^ by , then we have 

the uniform bounds: 

< A-i. 
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Using this and taking into account the previous reductions used in the proof of 
estimate (gnu above we easily arrive at the bound: 

\\0I2\\l^(L^) ^ X! (t) II ||L2(i2) , 

\A/ w,y 

4a 

< sup II lyj^y ||L 2 (i 2 ) , 

w,y 

where Iw,y is the family of translated kernels: 

(406) 7 ^,, = [ “g-i f{Xu;) xa 2) (A) X^-^dXdtJ dwdy , 

JB" 

where we have also now set ^C_y{x) = ‘^C{x — y). Using the decomposable estimate 
(1^ . we now have that: 

II 7 u,,y ||L2(i2) < irCj^ ||^^^2(i=o)y IIIU“(iU ’ 

where the integral Iw,y is the same as Iw,y but with the matrix removed. Using 
now the nesting: 

(407) C D{L\L^)) , 

the estimate (108011 . and the remarks made above about general kernels of the form 
goi, we have the pair of estimates: 

< £, ii/.,yiiL~(L=) < ii7iil= , 

uniform in the values of w, y. This is enough to prove the estimate gni. This 
completes our proof of the square sum Strichartz estimates contained in (1T7TB . 


11.2. Proof of the Differentiated Strichartz Estimates (11 71 hll — ()1 71 cll . To 

wrap things up for this overall section, we prove the estimates (II 71 h|l - gnU- This 
will follows easily from the general list of decomposable estimates contained in 
Lemma [TT31 In what follows, we will only bother to prove the time differentiated 
estimate gziu. The proof of the gradient estimate (I171bll follows from identical 
reasoning and is left to the reader (in fact, one only need apply the plain Strichartz 
estimates shown in previous sections followed by a D(^L°° estimate for the 

spatial potentials {“C})- Time differentiating the parametrix 4)^(/) we see that: 

Vt <i>±(/) = [ (±27771^1) -5^1 fiXuj) X(i 2)(A) X^-^dXdco 

+ f [“5i'7(A^)“5± , xa,2)(A) X^-^dXdco , 

JR^ 

= $±(±2^7 lei/) ± 7. 

Therefore, our task is to show the pair of estimates: 

(408) liPjili 2 (^ <f-||7llL2, 

L±SL "-3 ) 

(409) l|7^i7i|Uo.(i2) < £.||7|U2 . 
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The estimate follows from essentially identical reasoning to that employed in 

the proof of estimates above. The main point is to drop to via 

Bernstein, and then use the D(^L‘^{L°°)) estimate for the potential “Cq contained 
on line above. The proof of the second estimate Ennii above follows easily 

from the D(^L°° estimate for ‘^Cq contained on line above. Specifically, 

one has the nesting: 

C D{L^{L°°)) . 

This completes our demonstration of llTlbll - (llTlcll and ends this section. 


12. Completion of the proof: Controlling the Norm of the 

Differentiated Parametrix 

Our final task here is to prove the estimate I171ell which guarantees that our 
parametrix is a good approximation the covariant wave equation This es¬ 
sentially boils down to applying the estimates to the various error terms 

listed on the right hand side of equation (Cnni) above. We will prove the desired 
estimates for each of these terms separately. 


• Decomposing the term This represents the worst 

error term which comes out of our approximation, as well as the main “renor¬ 
malization” which the parametrix creates. In what follows we will eliminate the ± 
notation on favor of the “T notation introduced on line above. Using this con¬ 
vention, a short computation involving the formulas and the structure 

equation itT^ yields the identity: 

(410) = Ti + T2 + Ts + T4 . 

Our goal is prove the following four estimates: 


(411) 

II IId(l=(L"-i)) ~ ^ ’ 


(412) 




To prove the first estimate on line ETTll . we see from the decomposable version 
of the Besov nesting (Ell that is suffices to prove the following: 




D 




i-l,(2 


n(n-3). 


)) 


5, £ 


By the square sum nature of the Besov and decomposable norms, and keeping 
in mind the Besov version of the endpoint Strichartz estimate contained in the 
bootstrapping estimate iE2 ^ . we see that it suffices to prove this estimate at 
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fixed frequency. Thus, we are trying to prove that: 
(413) 


II , 2{^ 


.( 2 , 



Decomposing the term on the left hand side of this expression into all dyadic angular 
regions spread from the direction lo this is further reduced to showing that: 




Ds(L2(Ln-i)) ^ ^^11 


L^(SB. 


2{n-l) 

..-a 


Notice that we are only trying to show this for values 6 < . Further computing 

the term on the left hand side of this last expression, and applying the heuristic 
multiplier bound (also using the Coulomb savings Ijl 89ll l: 




Plugging this into the definition of the norm Dq{L^{L'^ ^)), using the multiplier- 
sum reductions employed in the proof of the inequality (EHB, and reverting back 
to Besov notation we have the inequality sequence involving Bernstein’s inequality 
and a simple index manipulation: 


(L.H.S.)(I1I3 < 6 


/ 

^ II 

0 : 

yjjQ^T ^ 

( 


71 — 1 f2 71(71 3) \ 


< 0^ W-^oUgP^A,, 

4 > ■■ 

\ujoGr(j, 

/ 

^ W^gP^A, 

<t> : 

\ujq^T (j, 

Estimate (1213 now follows from the fact that: 




,«ll| 


<1 II . "("-U,(2.A^) 

L 2 (B, ^ ) 


5 /V^ 2 l^ < Q1 ^ 

which is a consequence of the truncation condition 6 * < and the fact that 

6 ^ n, and the fact that we have chosen 5 ,7 according to itTHHI) . This ends our 
proof of the first estimate on line (HTTll . 


Our next step is to prove the second estimate on line iHTTll above. We will show 
the somewhat more regular estimate: 

(414) ||‘^(^-'^A;:1P([P,P])(5.)||^^^^^_,(„,5,^^ < £. 

Decomposing the term inside the norm on the left hand side of this last inequality 
into dyadic angular scales, applying the definition of the fixed scale decomposable 
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norms Dg ^ ^)), using the (fixed time) fixed frequency heuristic multiplier 

bound (which again takes into account the savings (I189ll 'l: 

(0Vj)'= V{[B,H]){d^) « ^gP^{[B,H]) , 

expanding the resulting expression into a trichotomy, applying the multiplier square 
sum reduction used previously in the proof of estimate above, and keeping in 

mind the bootstrapping structure estimates (TT^ . we see that the estimate (HTHl 
reduces to the demonstration of the following three fixed time bounds: 

(415) 

( ^ ||^,P;,([P^,(i?)(t),P^,(7J)(t)])||i,»)^ 

0 : 

< 0 ^+^ II B{t) II , • II H{t) II , , 


E 


A,/2i : 


Bo 


(416) 


E ( E l!““n,p;,([p^,(i?)(<),p^,(ij)(t)])||i„ 

A./j-i : (j) : 

< 0^+^ II B{t) II 2(^ • II Hit) II ^ , 

"-3 • ’ 2 n-3 ’ ' 2 

(417) 

^ A-2 ( ^ \\^gP^{[P^,{B){t),P^,{H)it)])\\l^y 


X,fii 
A<Aii~M2 


^0 (j) 


< 01 + ^ ||S(i)|| 


H{t) II 2(n-l) 

B ’ ’ 


b ■ 


We begin with the proof of the first estimate BTKll . This is the most singular of the 
three. Fixing all of the spatial frequencies on the left hand side of this bound, we 
see that by an application of Young’s inequality, it suffices to prove the following 
refinement: 

(418) A-2 ( ^ \\^ePxi[P^Amt),P^.AH)im\\Uy 

4> : 

7 


< f-) 0^+^ \\P^,iB)it)\\ ii^,,^,■\\P^.,iH)it) 

VAi2/ ^ s "-3 3 ) 




,( 2 .- 


This bound is scale invariant, so we may assume that 1 = A ~ /r2. To aid in the 
demonstration, we introduce the auxiliary index: 

„ 2n(n — 1) 

^ — 2n — 1 — 2(n — 1)7 

Notice that this has been chosen precisely so that one has the identity: 

1 , n — 3 1 . 

'i ^ - T\~~P 

2 2(n — 1) r-y 

so that ultimately we can make a reference to the fixed frequency bound l|53ll . The 
problem here is that we have 2 < r-y (in any dimension), so we are going to run 
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into orthogonality issues in the square-sum on the left hand side of 141811 . This will 
end up costing some extra powers of 9~^, but luckily the Bernstein inequality will 
more than make up for this. Applying Bernstein to each term in the sum on the 
left hand side of we arrive at the bound: 

(419) (L.H.S.)gia < ( E ■ 

0 : 


To get rid of the square-sum on the right hand side of this last expression, we 
introduce the following map from LP(1R"') to £^(L^’(1R")): 

T\A) = {^gPi{A),...,^ePM)) , 

where (wi,..., is some ordering of the T^ spherical cap “base-points”. No¬ 
tice that there are N ~ 0^“" of these. By orthogonality, and using the uniform 
boundedness of the multipliers AlgPi on L°° we have the pair of estimates: 

< ||Pi(A)|U. , 

< 0 ^ \\Pi{A)U^ . 


By interpolating these to bounds in the pair of spaces (£^(L^), and (L^, L°°) 

(see PP), we have the bound: 

Plugging this last estimate into the right hand side of gTll above, and finally 
applying generic fixed frequency estimate (PI we have that: 


('L.H.S.l dlTHll , 


L’'7 1 


< 




wp.ABmw,^ 




Pf^ABrnw 




The estimate (gT^ now follows from the bound: 

^(n-l)(,^-i) ^ ^1+7 


which holds in dimensions 6 ^ n. We leave the verification of this to the reader. 
This ends our demonstration of the Low x High frequency estimate gTK| . Notice 
that the second estimate (gTHt is simply a less singular version of this. In fact, 
repeating the above procedure, we see that in that case there is an extra factor of 
(^) in the analog of the fixed frequency bound (gra . 

We have now reduced the proof of the second estimate on line igTTll to the 
High X High interaction bound (grill . By applying the L°° version of 

Bernstein, using orthogonality, and then applying the general bound (ga . we have 
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the fixed frequency estimate: 

A -2 ( ^ , 


Ci^o GF (j) 
a-1 n-4 


<9^X^ \\P^{[P^,{B){t),P^,{H)m\\L^ , 

—] 0^ \\P^,{B)it)\\ 

Ml / B, ’ 2 _g n-3 ’ ’ 2 


< 


where 0 < cr = — 2. By summing this last line and then applying Cauchy- 

Schwartz, we easily arrive at the bound lUTTI) . 


To finish this subsection, we only need to prove the two estimates on line lHHl) 
above. To show the first estimate involving the T 3 term, we simply expand the “L 
derivative into the product via the Leibniz rule, and then use the decomposable 
bounds (TMIl and and (EHSi-lSHEli in conjunction with the following instance 

of the bilinear decomposable estimate (EZOl: 


.-1 




Qy ,( 2 , 2 ) 




To show the second bound on line lUT^ . we again use the estimates (EHD and 
(11181111 ■ this time in conjunction with: 


This completes our decomposable estimates for the error term,A,^j^(‘^LT)— 


97,(2, 2 ) > 


= .( 2 , 


• Decomposing the term Again dropping the ± notation and 

using the equations (119:111 - 1119411 and the identity (TTO as well as the structure 
equation l!TTM . we can write this as: 

+ (±“Ltw-V 2.)ViA-i[“A“G] + Vtd*A-i[“C'o,“C] 

- , 

= T2 + Ta + Tj + f 5 + ?6 • 

We will show that all of these terms obey the estimate: 

(420) ^ ^ ’ 2^fc^6. 

Notice that, for the most part, the terms Tk represent less singular versions of the 
Tk on line dlTOIl above. In fact, they can all be treated using similar embeddings 
by simply wasting one derivative. Specifically, the estimate ( 1 ^ for the first term 
T 2 follows directly from (linil above once one takes into account the presence of 
the truncation inherent in the projection V. To prove the estimate (I420II for 

the portion of term T 3 containing the “L derivative, we use the same embedding 
employed in the proof of the estimate for T 3 on line above. This follows 

because one can distribute the time derivative and simply waste smoothness in the 
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estimates (EES), EHl, and Specifically, by taking advantage of the 

low frequency behavior of these estimates, we have the bounds: 


(421) 11 Vt"A 

(422) 




’)) 




< 

< f , 


Vt“C| 


Vt’^lAC I 


D 


[lUb, 

[b^Ab- 


q-y ,(2, ■ 

2,9n 

2,9n 


-■» 


<«, 
s £ - 


Using a similar strategy, we can prove the estimate ( 1 ^ for the portion of 
containing the to ■ Vx derivative (notice that the functions Ui are trivially decom¬ 
posable) as well as the term T 4 in the same way as we showed (I412II for the term 
T 4 above. All we need to do is to show the estimate: 




d{lAbV/^' 


< s 


This follows in the same way we proved the undifferentiated estimate (IdSdII for “Cq 
above, but instead of using the undifferentiated versions of ( 1 ^ . ( 1 ^ . and EH3i- 
( 1 ^ . we simply use Finally, notice that the proof of the estimate 

( 1 ^ for the terms T 5 and Tq above follows by simply multiplying (decompose 
twice!) the Zl(L^(L°“)) estimate which is implied by the bounds 1118111 and 188811 
above. This completes our decomposition of the second error term on the right 
hand side of above. 


• Decomposing the term — (“C^)“ , [(A,<i)c( — j •] • Here we 

again use the norm which we can achieve as a product of Zl(L^(L°“)) 

estimates, again making an appeal to 188111 and 188811 above. 


This completes our proof of the approximation estimate 1171ell and thus, at last, 
the proof of Proposition o which allows us to close the bootstrapping begun in 
Proposition KU . FR 
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